Canonical structure and symmetries of the 
Schlesinger equations. 

Boris Dubrovin*and Marta Mazzocco^ 



Abstract 

The Schlesinger equations S(^n,m) describe monodromy preserving deforma- 
tions of order m Fuchsian systems with n + 1 poles. They can be considered as a 
family of commuting time-dependent Hamiltonian systems on the direct product 
of n copies of m x m matrix algebras equipped with the standard hnear Poisson 
bracket. In this paper we present a new canonical Hamiltonian formulation of 
the general Schlesinger equations S(^n,m) "-i ^ ^iid we compute the action 

of the symmetries of the Schlesinger equations in these coordinates. 
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1 Introduction. 

The Schlesinger equations S(^n,m) [S2] is the following system of nonlinear differential 
equations 



duj Ui — Uj 

OUi ^ Ui — Uj 

ioT m X m matrix valued functions Ai = Ai{u) , . . . , An = An{u) , u = {ui, . . . , Un), the 
independent variables ui, . . . , m„ must be pairwise distinct. The first non-trivial case 
5'(3,2) of the Schlesinger equations corresponds to the famous sixth Painleve equation 
[T71 ES] , the most general of all Painleve equations. In the case of any number n > 3 
of 2 X 2 matrices Aj, the Schlesinger equations S(_n,2) reduce to the Garnier systems Qn 
(see [HIEHIIIT]). 

The Schlesinger equations Si^n,m) appeared in the theory of isomonodromic deforma- 
tions of Fuchsian systems. Namely, the monodromy matrices of the Fuchsian system 

lfe=E73J^*. .ec\{«......«.} (1.2) 

k=l 

do not depend onu = {ui, . . . , Un) if the matrices Ai[u) satisfy (11. ip . Conversely, under 
certain assumptions for the matrices Ai, . . . , A^ and for the matrix 

A^:=-{A^ + --- + An), (1.3) 
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all isomonodromic deformations of the Fuchsian system (]1.2p are given by solutions to 
the Schlesinger equations (see, e.g., [53] )0. 

The solutions to the Schlesinger equations can be parameterized by the monodromy 
data of the Fuchsian system (11.21) (see precise definition below in Section 2). To recon- 
struct the solution starting from given monodromy data one is to solve the classical 
Riemann - Hilbert problem of reconstruction of the Fuchsian system from its mon- 
odromy data. The main outcome of this approach says that the solutions Ai{u) can be 
continued analytically to meromorphic functions on the universal covering of 

{{ui, . . . ,M„) e C" I 7^ Ujfoii ^ j} 

[38| |44] . This is a generalization of the celebrated Painleve property of absence of 
movable critical singularities (see details in [26l E?]). In certain cases the technique 
based on the theory of Riemann-Hilbert problem gives a possibility to compute the 
asymptotic behavior of the solutions to Schlesinger equations near the critical locus 
Ui = Uj for some i j, although there are still interesting open problems [29l [TH [22 | [TO] . 

It is the Painleve property that was used by Painleve and Gambler as the ba- 
sis for their classification scheme of nonlinear differential equations. Of the list of 
some 50 second order nonlinear differential equations possessing Painleve property the 
six (nowadays known as Painleve equations) are selected due to the following crucial 
property: the general solutions to these six equations cannot be expressed in terms of 
classical functions, i.e., elementary functions, elliptic and other classical transcendental 
functions (see [57] for a modern approach to this theory based on a nonlinear version 
of the differential Galois theory). In particular, according to these results the general 
solution to the Schlesinger system 5'(3^2) corresponding to the Painleve- VI equation 
cannot be expressed in terms of classical functions. 

A closely related question is the problem of construction and classification of classi- 
cal solutions to the Painleve equations and their generalizations. This problem remains 
open even for the case of Painleve- VI although there are interesting results based on 
the theory of symmetries of the Painleve equations [SOj HU |2] and on the geometric 
approach to studying the space of monodromy data [lU [251 SSI [13] • 

The above methods do not give any clue to solution of the following general prob- 
lems: are solutions of S(^n+i,m) or of S(^n,m+i) more complicated than those of S(^n,m)'^ 
Which solutions to S(n+i,m) or S(^n,m+i) can be expressed via solutions to S{n^m)! Fur- 
thermore, which of them can ultimately be expressed via classical functions? 

Interest to these problems was one of the starting points for our work. We began to 
look at the theory of symmetries of Schlesinger equations, i.e., of birational transforma- 
tions acting in the space of Fuchsian systems that map solutions to solutions. One class 
of symmetries is wellknown [301 [SI]: they are the so-called Schlesinger transformations 



A[z) = E 7^ - ^(-) = ^^"(-) + G{z)A{z)G-\z) = E ^ (1-4) 



^Bolibruch constructed non-Schlesinger isomonodromic deformations in [5]. These can occur when 
the matrices Ai are resonant, i.e. admit pairs of eigenvalues with positive integer differences. 
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with a rational invertible m x m matrix valued function G{z) preserving the class 
of Fuchsian systems. Clearly such transformations preserve the monodromy of the 
Fuchsian system. 

More general symmetries of the 5(3^2) Schlesinger equations do noi preserve the mon- 
odromy. They can be derived from the theory, due to K.Okamoto |18], of canonical 
transformations of the Painleve-VI equation considered as a time-dependent Hamilto- 
nian system (see also [391 S] regarding an algebro-geometric approach to some of the 
Okamoto symmetries). Some of the Okamoto symmetries were later generalized to 
the Schlesinger systems S(^n,2) with arbitrary n > 3 [501 ES] (see also [28]) using the 
Hamiltonian formulation of the related Garnier equations. The generalization of these 
symmetries to S(^n,m) with arbitrary n, m was one of the motivations for our work. 

With this problem in mind, in this paper we present a canonical Hamiltonian for- 
mulation of Schlesinger equations S(^n,m) for all n, m. 

Recall [321 HQ] that Schlesinger equations can be written as Hamiltonian systems 
on the Lie algebra 

:= ©LiflW 3 (A,...,^n) 

with respect to the standard linear Lie - Poisson bracket on ~ g with quadratic 
time-dependent Hamiltonians of the form 

Because of isomonodromicity they can be restricted onto the symplectic leaves 

Ci X ■ ■ ■ X 0„ G 

obtained by fixation of the conjugacy classes Oi,. . . , On oi the matrices Ai, . . . , An. 
The matrix A^o given in (11. 3p is a common integral of the Schlesinger equations. Ap- 
plying the procedure of symplectic reduction [41] we obtain the reduced symplectic 
space 

{Ai G Ci, . . . , An G 0„, = given diagonal matrix} 

modulo simultaneous diagonal conjugations. (1.6) 

The dimension of this reduced symplectic leaf in the generic situation is equal to 2g 
where 

mim — l)(n — 1) 
9 = — 1^ ^-(m-1). 

Our aim is to introduce "good" canonical Darboux coordinates on the generic reduced 
symplectic leaf (II. 6p . 

Actually, there is a natural system of canonical coordinates on (11.61) : it is obtained 
in [531 120] within the general framework of algebro-geometric Darboux coordinates 
introduced by S.Novikov and A.Veselov [58] (see also [HIS]). They are given by the 
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z- and w-projections of the points of the divisor of a suitably normahzed eigenvector 
of the matrix A(^z) considered as a section of a hne bundle on the spectral curve 

det(A(2) - wl) = 0. (1.7) 

However, the symplectic reduction (11.61] is time-dependent. This produces a shift in 
the Hamiltonian functions that can only be computed by knowing the explicit param- 
eterization of the matrices Ai, . . . , by the spectral coordinates. The same difficulty 
makes the computation of the action of the symmetries on the spectral coordinates for 
m > 2 essentially impossible. 

Instead, we construct a new system of the so-called isomonodromic Darhoux coor- 
dinates qi, . . . , qg, pi, . . . , Pg on generic symplectic manifolds (II. 6p and we give the 
new Hamiltonians in these coordinates. Let us explain our construction. 

The Fuchsian system (II. 2p can be reduced to a scalar differential equation of the 
form 

m— 1 

/-^ = J2M^)y^'^- (1-8) 
1=1 

For example, one can eliminate last m — 1 components of $ to obtain a m-th order 
equation for the first component y := $i. (Observe that the reduction procedure 
depends on the choice of the component of $). The resulting Fuchsian equation will 
have regular singularities at the same points z = ui, . . . , z = Un, z = oo. It will 
also have other singularities produced by the reduction procedure. However, they 
will be apparent singularities, i.e., the solutions to (11.81) will be analytic in these points. 
Generically there will be exactly g apparent singularities (cf . [16] ; a more precise result 
about the number of apparent singularities working also in the nongeneric situation 
was obtained in [7]); they will be the first part gi, . . . , of the canonical coordinates. 
The conjugated momenta are defined by 

Pi = Res,=g^ (^dm-2{z) + ^dm-i{zY^ , i = l,...,g. 

Our first results is 

Theorem 1.1. Let the eigenvalues of the matrices A\, . . . , An, A^ he pairwise distinct. 
Then the map 

Fuchsian systems with given poles "1 
and given eigenvalues of Ai, . . . , An, Aoo> ^ (gi, . . . , gg,pi, . . .,Pg) (1.9) 
modulo diagonal conjugations J 

gives a system of rational Darhoux coordinates on a large Zariski open se§ in the generic 
reduced symplectic leaf U.6\) . The Schlesinger equations S(^n,m) in these coordinates are 

precise characterization of this large open set is given in Theorem 14. 14! and Remark 14.211 
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written in the canonical Hamiltonian form 

dqj _ dUk 
duk dpi 
dpi _ dHk 
duk dqi 

with the Hamiltonians 



Tik = Hk{q,p;u) = -Res^=„^ ( dm-2{z) + ^d^_i{zY ) , k = l,...,n. 



Here rational Darboux coordinates means that the elementary symmetric functions 
(Ti(g), . . . , o'g{q) and o'i{p), . . . , Cgi^p) are rational functions of the coefficients of the 
system and of the poles ui, . . . , Un- Moreover, there exists a section of the map (11.91) 
given by rational functions 

Ai = A{q,p), t = l,...,n, (1.10) 

symmetric in (gi,pi), {qg,Pg) with coefficients depending on and on 

the eigenvalues of the matrices Ai, i = 1, . . . ,n, oo. All other Fuchsian systems with 
the same poles Ui, . . . , Un, the same exponents and the same (pi, . . . ,pg,qi, . . . , qg) are 
obtained by simultaneous diagonal conjugation 

^M.P) ^ C'^Ai{<l,p)C, i = l,...,n, C = diag (ci, . . . ,Cm). 

In the course of the proof of Theorem 11.11 we establish that the same parameters 
{pi, . . . ,Pg,qi, . . . ,qg) are rational coordinates in the space of what we call special Fuch- 
sian equations, i.e., m-th order Fuchsian equations with n + 1 regular singularities with 
given exponents and g apparent singularities with the exponent^ 0, 1, m — 2, m. 
We then prove that there is a birational map between special Fuchsian equations and 
Fuchsian systems. This allows us to conclude that {pi, . . . ,Pg,qi, . . . ,qg) are rational 
coordinates in the space of Fuchsian systems. 

The natural action of the symmetric group Sn on the Schlesinger equations is de- 
scribed in the following 

Theorem 1.2. The Schlesinger equations S[n,m) written in the canonical form of The- 
orem im admit a group of birational canonical transformations (5*2, . . . , Sm, Soo) 

{qi = ui + Uk - qi, i = 1, 
Pi = -Pi, i = l,...,g, 
Ui=Ui + Uk-Ui, 1 = 1, 
Hi = -Hi, l = l,...,n, 

^As it was discovered by H.Kimura and K.Okamoto [31] these are the exponents at the generic 
apparent singularities of the scalar reduction of a Fuchsian system. 



;i.ii) 
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;i.l2) 



. n 



where 



n. 



The transformation Sk acts on the monodromy matrices as follows 

Ml = Mf ^ . . . M f:\MkMk-i ... Ml, 
M^ = Mj, j^l,k, 

Mk = Mk-i . . . M2MiM^^ . . . M^\, i = k + l,.... 

The transformation Soo acts on the monodromy matrices as follows 

Moo = e-'^CiM-'MiM^C^\ 

Ml = e^CiM^Ci\ 

M, = Ci'MjCi, jV1,oo, 

where Ci is the connection matrix defined in Section 2. 

Our approach to the construction of Darboux coordinates seems not to work for 
nongeneric reduced symplectic leaves. The problem is that, for a nongeneric orbit 
the number of apparent singularities of the scalar reduction is bigger than half of the 
dimension of the symplectic leaf. The most striking is the example of rigid Fuchsian 
systems. They correspond to the extreme nongeneric case where the reduced symplectic 
leaf is zero dimensional. One could expect to have no apparent singularities of the 
scalar reduction; by no means this is the case (see [33]). The study of reductions of 
Schlesinger systems on nongeneric reduced symplectic leaves can reveal new interesting 
systems of nonlinear differential equations. Just one example of a nongeneric situation 
is basic for the analytic theory of semisimple Frobenius manifolds. In this case m = n, 
the monodromy group of the Fuchsian system is generated by n reflections [12]. The 
dimension of the symplectic leaves equals 



nin — r 



n 
12 



We do not know yet how to construct isomonodromic Darboux coordinates for this 
case if the dimension n of the Frobenius manifold is greater than 3. 
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Our next result is the comparison of the isomonodromic Darboux coordinates with 
those obtained in the framework of the theory of algebro-geometrically integrable sys- 
tems (dubbed here spectral Darboux coordinates). The spectral Darboux coordinates 
are constructed as follows. In the generic situation under consideration the genus of 
the spectral curve (11.71) equals g. The affine part of the divisor of the eigenvector 

of the matrix A{z) has degree g. Denote 71, . . . , 7^ the z-projections of the points 
of the divisor and fii, . . . , fig their ly-projections. These are the spectral Darboux 
coordinates in the case under consideration. 

Theorem 1.3. Let us consider a family of Fuchsian systems 



depending on a small parameter e. The matrices A\, . . . , An, A^o are assumed to 
be independent of e. Then the isomonodromic Darboux coordinates of this Fuchsian 
system have the following expansion as e 

qk = 7k + 0{e), = e~Vfc + 0(1), k = l,...,g. 

Here jk, fJ-k are the spectral Darboux coordinates of the matrix A{z) defined above. 

We do not even attempt in this paper to discuss physical applications of our re- 
sults. However one of them looks particularly attractive. According to an idea of 
N.Reshetikhin [51] (see also [23]) the wellknown in conformal field theory Knizhnik- 
Zamolodchikov equations can be considered as quantization of Schlesinger equations. 
We believe that our isomonodromic canonical coordinates could play an important role 
in the analysis of the quantization procedure, somewhat similar to the role played by 
the spectral canonical coordinates in the Sklyanin scheme of quantization of integrable 
systems [55]. We plan to address this problem in subsequent publications. 

The paper is organized as follows. In Section 2 we recall the relationship between 
Schlesinger equations and isomonodromic deformations of Fuchsian systems. In Sec- 
tion 3 we discuss the Hamiltonian formulation of Schlesinger equations. A formula 
for the symplectic structure of Schlesinger equations recently found by I.Krichever [35] 
proved to be useful for subsequent calculations with isomonodromic coordinates; we 
prove that this formula is equivalent to the standard one. In Section 4 we construct the 
isomonodromic Darboux coordinates and establish a birational isomorphism between 
the space of Fuchsian systems considered modulo conjugations and the space of special 
Fuchsian differential equations. In Section 5 we express the semiclassical asymptotics 
of the isomonodromic Darboux coordinates via spectral Darboux coordinates and we 
apply the above results to constructing the nontrivial symmetries of Schlesinger equa- 
tions. The necessary facts from the theory of spectral Darboux coordinates are collected 
in the Appendix. 
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2 Schlesinger equations as monodromy preserving 
deformations of Fuchsian systems. 



In this section we establish our notations, remind few basic definitions and prove some 
technical lemmata that will be useful throughout this paper. 

The Schlesinger equations S(^n,m) describe monodromy preserving deformations of 
Fuchsian systems (11. 2p with n + 1 regular singularities at mi, . . . , m„, Un+i = oo: 

, n . 

:r$ = V^^<f, zeC\{u„...,u^} (2.1) 

k=l " 

Ak being m x m matrices independent on z, and Uk ^ ui ioi k ^ I, fc, / = 1, . . . , n + 1. 
Let us explain the precise meaning of this claim. 



2.1 Levelt basis near a logarithmic singularity and local mon- 
odromy data 

A system 

^ = ^* (2.2) 

dz z — zq 

is said to have a logarithmic, or Fuchsian singularity aX z = zq if the m x m matrix 
valued function A{z) is analytic in some neighborhood of z = zq. By definition the 
local monodromy data of the system is the class of equivalence of such systems w.r.t. 
local gauge transformations 

A{z) ^ G-\z)A{z) G{z) + {z- zo)G'\z)d,G{z) (2.3) 

analytic near z = Zq satisfying 

det G{zo) ^ 0. 

The parameters of the local monodromy can be obtained by choosing a suitable fun- 
damental matrix solution of the system (12.21) . The most general construction of such 
a fundamental matrix was given by Levelt [37] . We will briefiy recall this construction 
in the form suggested in [12] . 

Without loss of generality one can assume that Zq = 0. Expanding the system near 
z = one obtains 

■^^^(^ + A,+zA, + ...)i. (2.4) 



dz \ z 

Let us now describe the structure of local monodromy data. 

Two linear operators A, R acting in the complex m-dimensional space V 

A.R:V^V 
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are said to form an admissible pair if the following conditions are fulfilled. 

1. The operator A is semisimple and the operator R is nilpotent. 

2. R commutes with e^'^*^, 

^2niAj^^ ^^2niA_ ^2.5) 

Observe that, due to the last condition the operator R satisfies 

R{Vx) C ®kezVx+k for any A G Spec A, (2.6) 

where V\ C V is the subspace of all eigenvectors of A with the eigenvalue A. The last 
condition says that 

3. The sum in the r.h.s. of fl2.6l) contains only non-negative values of k. 
A decomposition 

R = Ro + Ri + R2 + ... (2.7) 

is defined where 

RkiVx)cVx+k for any A G Spec A. (2.8) 

Clearly this decomposition contains only finite number of terms. Observe the useful 
identity 

z^Rz-^ = Ro + zRi + z'^R2 + .... (2.9) 



Theorem 2.1. For a system (2^) with a logarithmic singularity at z = there exists 



a fundamental matrix solution of the form 

^z) = ^{z)z^z^ (2.10) 
where "^{z) is a matrix valued function analytic near z = satisfying 

det^(O) 7^ 

and A, R is an admissible pair. 

The formula fl2.10p makes sense after fixing a branch of logarithm logz near z = 0. 
Note that is a polynomial in log z due to nilpotency of R. 

The proof can be found in [37] (cf. [12]). Clearly A is the semisimple part of the 
matrix Aq] Rq coincides with its nilpotent part. The remaining terms of the expansion 
appear only in the resonant case, i.e., if the difference between some eigenvalues of A 
is a positive integer. In the important particular case of a diagonalizable matrix Aq, 

T-iAor = A = diag(Ai,...,A„) 

with some nondegenerate matrix T, the matrix function "^{z) in the fundamental ma- 
trix solution (12.101) can be obtained in the form 

^{z) =T{t + z'^i + z^<I/2 + ...) . 
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The matrix coefficients \l/2, • • - of the expansion as well as the matrix components 
Ri, R2, ... of the matrix R (see (12. 7p ) can be found recursively from the equations 

k-l 

[A, '^k\-k<ilk = Bk- Rk + J2 '^k-iB^ - Ri^k~i, k>l. 

i=l 

Here 

Bk := T-^AkT, k>l. 
If fcmax is the maximal integer among the differences Aj — Xj then 

Rk = for k> fcmax- 

Observe that vanishing of the logarithmic terms in the fundamental matrix solution 
(12.101) is a constraint imposed only on the first fcmax coefficients Ai, . . . , A^^^^^^ of the 
expansion (12.41) . 

It is not difficult to describe the ambiguity in the choice of the admissible pair of 
matrices A, R describing the local monodromy data of the system (12.41) . Namely, the 
diagonal matrix A is defined up to permutations of diagonal entries. Assuming the 
order fixed, the ambiguity in the choice of R can be described as follows [12j. Denote 
Co (A) C GL{V) the subgroup consisting of invertible linear operators G : V ^ V 
satisfying 

z^Gz-^ = Go + zGi + z'^G2 + .... (2.11) 

The definition of the subgroup can be reformulated \12\ in terms of invariance of certain 
flag in V naturally associated with the semisimple operator A. The matrix R obtained 
from R by the conjugation of the form 

R = G-^RG (2.12) 

will be called equivalent to R. Multiplying (12.101) on the right by G one obtains another 
fundamental matrix solution to the same system of the same structure 

^{z) := '^{z)z^z^G = ^{z)z^z^ 

i.e., ^(2;) is analytic at z = with det ^(0) ^ 0. 

The columns of the fundamental matrix (I2.10p form a distinguished basis in the 
space of solutions to (12.41) . 

Definition 2.2. The basis given by the columns of the matrix (12.101) is called Levelt 
basis in the space of solutions to (12.41) . The fundamental matrix (I2.10p is called Levelt 
fundamental matrix solution. 

The monodromy transformation of the Levelt fundamental matrix solution reads 
$ (^e^"^) = <l>(;z)M, M = e^'^^e^"^^. (2.13) 
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To conclude this Section let us denote C(A, R) the subgroup of invertible transfor- 
mations of the form 

C(A, R) = {Ge GL{V) I z^G z'^ = ^ Gkz'' and [G, R] = 0}. (2.14) 

fcgZ 

The subgroups C(A, R) and C(A, R) associated with equivalent matrices R and R are 
conjugated. It is easy to see that this subgroup coincides with the centralizer of the 
monodromy matrix (12.131) 

GeC{A,R) iff Ge^'^V"*^ = e^'^^^e^'^-f^G, det G 0. (2.15) 

Denote 

Co{A, R) C C{A, R) (2.16) 

the subgroup consisting of matrices G such that the expansion (I2.14p contains only non- 
negative powers of z. Multiplying the Levelt fundamental matrix (12.10p by a matrix 
G G Co (A, R) one obtains another Levelt solution to (12.41) 

<I/{z)z^z^G = ^{z)z^z^. (2.17) 

In the next Section we will see that the quotient C(A, i?)/Co(A, R) plays an impor- 
tant role in the theory of monodromy preserving deformations. 

Example 2.3. For 



A 



the quotient C{A, R)/Co{A, R) is trivial iff a 6 7^ 0. 

2.2 Monodromy data and isomonodromic deformations of a 
Fuchsian system 








0^ 




^0 







i 










a 












I) 




U 


b 





matrix is defined as 



Denote Xj , j = 1, . . . ,m, the eigenvalues of the matrix A^, k = 1, . . . ,n, 00 where the 



Aoo '■— '~ ^ ] Afi 



k=l 



For the sake of technical simplicity let us assume that 



Af ) ^ Af ^ for i ^ J, k = l,...,n, 00. (2.18) 



Moreover, it will be assumed that A^o is a constant diagonal m x m matrix with 

12 



eigenvalues X\°°\ j = 1, . . . , m. 



Denote A'-'^^ i?*^'^-* the local monodromy data of the Fuchsian system near the points 
z = Uk, k = 1, . . . , n, oo. The matrices A^'^'-' are all diagonal 

A« = diag(Af\...,A(^)), fc = l,...,n,oo. (2.19) 

and, under our assumptions 

Recall that the matrix G G GL(m, C) belongs to the group Co{A^°°^) iff 

,-^^-^Gz^'-' =Go + ^ + ^ + .... (2.20) 

z z^ 

It is easy to see that our assumptions about eigenvalues of imply diagonality of 
the matrix Gq- 

Let us also remind that the matrices A'^'^^ satisfy 

trA(^) + --- + trA(°°) = 0. (2.21) 

The numbers A^*^"*, . . . , Am"* are called the exponents of the system (11.21) at the singular 
point Uk- 

Let us fix a fundamental matrix solutions of the form fl2.10p near all singular points 
Ui, . . . , Un, OO. To this end we are to fix branch cuts on the complex plane and choose 
the branches of logarithms log(z — ui), log(2; — Un), log 2;"^. We will do it in 
the following way: perform parallel branch cuts iik between 00 and each of the Uk, 
k = 1, . . . ,n along a given (generic) direction. After this we can fix Levelt fundamental 
matrices analytic on 

zeC\ Ul^^Tik. (2.22) 
M^)=n{\ + 0{z-Uk)){z-Ukf"\z-Uk)'''''\ z^Uk, fc = l,...,n (2.23) 
and 

^{z) = ^^{z) = (^ + 0{^)^z-'^^z~''^^\ as z^oo, (2.24) 

Define the connection matrices by 

^oo{z) = ^kiz)Ck, (2.25) 

where $00 (-z) is to be analytically continued in a vicinity of the pole Uk along the 
positive side of the branch cut tt^. 

The monodromy matrices Mk, k = 1, . . . , n, 00 are defined with respect to a basis 
h, ... ,ln of loops in the fundamental group 

TTi (C\{Mi,...M„},00). 

Choose the basis in the following way. The loop Ik arrives from infinity in a vicinity of 
Uk along one side of the branch cut tt^ that will be called positive, then it encircles Uk 
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going in anti-clock-wise direction leaving all other poles outside and, finally it returns 
to infinity along the opposite side of the branch cut vr^ called negative. 

Denote /*$oo(z) the result of analytic continuation of the fundamental matrix $00 (-z) 
along the loop Ij. The monodromy matrix Mj is defined by 

/*<l>oo(^) = $oo(^)M,-, j = l,...,n. (2.26) 

The monodromy matrices satisfy 

MooM„- ■ -Ml = 1, Moo = exp (27riAoo) exp (27rzi?(~)) (2.27) 

if the branch cuts tti, . . . , 7r„ enter the infinite point according to the order of their 
labels, i.e., the positive side of tt^+i looks at the negative side of tt^. A; = 1, . . . , n — 1. 

Clearly one has 

Mk = exp (27rzA(^')) exp {2mR^^^) Ck, A; = 1, . . . , n. (2.28) 

The collection of the local monodromy data A^'^^ R^''^ together with the central 
connection matrices Ck will be used in order to uniquely fix the Fuchsian system with 
given poles. They will be defined up to an equivalence that we now describe. The 
eigenvalues of the diagonal matrices A'^'^^ are defined up to permutations. Fixing the 
order of the eigenvalues, we define the class of equivalence of the nilpotent part i?'-'^-* 
and of the connection matrices Ck by factoring out the transformations of the form 

Rk^Gi^^RkGk, Ck ^ Gf^^CkGooi k = l,...,n, 

Ck e Co(A('^)), Goo e Co(A(°°)). (2.29) 

Observe that the monodromy matrices (12.281) will transform by a simultaneous conju- 
gation 

Mk^C^^MkCoc, /c = l,2,...,n,oo. 

Definition 2.4. The class of equivalence (12.291) of the collection 

A(i), . . . , A(°°), R^^\ Ci, . . . , C„ (2.30) 

is called monodromy data of the Fuchsian system with respect to a fixed ordering of 
the eigenvalues of the matrices Ai, . . . , An and a given choice of the branch cuts. 

Lemma 2.5. Two Fuchsian systems of the form ( li.^j) with the same poles ui, ... ,Un, 00 
and the same matrix A^o coincide, modulo diagonal conjugations if and only if they have 
the same monodromy data with respect to the same system of branch cuts tti, . . . , 7r„. 



Proof. Let 



z / \ z 
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be the fundamental matrices of the form ( ]2.24p of the two Fuchsian systems. Using 
assumption about A^o we derive that A'-""-* = A^°°K Multiplying ^^^{z) if necessary on 
the right by a matrix G E Co{A^°°'^), we can obtain another fundamental matrix of the 
second system with 

j^(oo) _ ^(oo)_ 

Consider the following matrix: 

Y{z):=^t\zm(^Hz)]-\ (2.31) 
Y{z) is an analytic function around infinity: 

Y{z) = Go + O (^^^ , asz^oo (2.32) 

where Go is a diagonal matrix. Since the monodromy matrices coincide, Y{z) is a 
single valued function on the punctured Riemann sphere C\{mi, . . . , m„}. Let us prove 
that Y{z) is analytic also at the points Uk- Indeed, having fixed the monodromy data, 
we can choose the fundamental matrices ^^p{z) and ^^^\z) of the form fl2.23p with the 
same connection matrices Gk and the same matrices A*^'^^ R^^\ Then near the point 
Uk, Y{z) is analytic: 



Y{z) = Tj^'^ {t + 0{z - Uk)) [T^^^ (1 + 0{z - Uk))\ . (2.33) 

This proves that Y{z) is an analytic function on all C and then, by the Liouville 
theorem Y{z) = Gq, which is constant. So the two Fuchsian systems coincide, after 
conjugation by the diagonal matrix Go- □ 

Remark 2.6. The connection matrices are determined, within their equivalence classes 
by the monodromy matrices if the quotients C{A.^^\R^^'>)/Cq{A.^^\R^'^'') are trivial for 
all k = 1, . . . , n. In particular this is the case when all the characteristic exponents at 
the poles u\, . . . , Un are non-resonant. 



^(1) 



From the above Lemma the following result readily follows. 

Theorem 2.7. If the matrices A^iui, . . . ,Un) satisfy Schlesinger equations ( (i.ij) and 
the matrix 

Aoo = -{Ai + --- + A„) 

is diagonal then all the characteristic exponents do not depend on ui, .. ., Un- The 
fundamental matrix $oo(-2) can he chosen in such a way that the nilpotent matrix R^°°^ 
and also all the monodromy matrices are constant inui, . . . , Un- Moreover, the Levelt 
fundamental matrices ^k{z) can he chosen in such a way that all the nilpotent matrices 
R^^^ and also all the connection matrices Ck are constant. Viceversa, if the deformation 
Ak = Ak{ui, . . . ,Un) is such that the monodromy data do not depend on Ui, . . . , Un 
then the matrices Ak{ui, . . . , Un), k = 1, . . . , n satisfy Schlesinger equations. 
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At the end of this Section we give a criterion that ensures that the "naive" definition 
of monodromy preserving deformations still gives rise to the Schlesinger equations. 



Theorem 2.8. Let Aj. = Ak{ui, . . . , m„), k = 1, . . . , n be a deformation of the Fuchsian 
system ^1.2^ such that the following conditions hold true. 

1. The matrix Aoo = —Ai — ■ ■ ■ — An is constant and diagonal. 



2. The Fuchsian system admits a fundamental matrix solution of the form ( 2.24 ) with 
the u-independent matrix R^°°\ Denote $oo(-2;m) the fundamental matrix solution of 
the family of Fuchsian systems of the form l[2.24\) - 

3. The monodromy matrices Mi, Mn defined as in 1^2. 26\) with respect to the 
fundamental matrix ^oo{z',u) do not depend on Ui, u„. Note that this implies 
constancy of the diagonal matrices A^''^ of exponents, k = 1, . . . ,n. 

4. The (class of equivalence of) local monodromy data (A*^^\ i?*^^^) does not depend on 
Ui, ...,Un. 

5. The quotients C{K^^\R^^^)/Cq{K^^\R^^^) are zero dimensional for all k = 1, . . . ,n. 

Then the deformation satisfies the Schlesinger equations. Moreover, under the as- 
sumption of validity of 1 - 4; if the condition 5 does not hold true, then there exist 
non- Schlesinger deformations preserving the monodromy matrices. 



Proof. The first statement of the Theorem easily follows from Remark 12.61 and The- 
orem [2]T1 To prove the second part, let us assume that the dimension of the quotient 
C{A^''\ R^''^) /Co{A^^\ R^^^) is positive for some k. Here A^''), R^^^ are local monodromy 
data of the Fuchsian system (11.21) with some poles ui, . . . , m„, 00. Let us choose a 
nontrivial family of matrices G{s) G C{A'^''\ R'^''^) /Co{A'^''\ R'^''^) for sufficiently small 
s, G{0) = H. We will now obtain a deformation of the Fuchsian system (II. 2p in the 
following way. Let us deform the k-th connection matrix Ck by putting 

Ckis) := Gis)Ck. 

To reconstruct the deformation of the Fuchsian system, we are to solve the suitable 
Riemann - Hilbert problem. It will be solvable for sufficiently small s because of 
solvability for s = 0. At this point one can also deform the poles Ui{s), Ui{0) = Ui. 
This deformation is obviously isomonodromic but not of the Schlesinger type. The 
Theorem is proved. □ 



3 Hamiltonian structure of the Schlesinger system 

3.1 Lie-Poisson brackets for Schlesinger system 

The Hamiltonian description of the Schlesinger system can be derived [23] from the 
general construction of a Poisson bracket on the space of fiat connections in a principal 
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G-bundle over a surface with boundary using Atiyah - Bott symplectic structure (see 
[5]). Explicitly this approach yields the following well known formalism representing 
the Schlesinger system S(^n,m) iii Hamiltonian form with n time variables Ui, . . . ,Un and 
n commuting time-dependent Hamiltonian flows on the dual space to the direct sum 
of n copies of the Lie algebra sl(m) 

:= ©„s[(m) 9 (Ai,A2,...,A„). (3.1) 

The standard Lie-Poisson bracket on g* reads 

{{A,)] , (A,)^] = 6,, (A,)'; - 6^ (A,);) . (3.2) 

(we identify sl{m) with its dual by using the Killing form {A,B) = TtAB, A,B E 
s[(m).) The following statement is well-known (see [HOjHO]) and can be checked by a 
straightforward computation. 

Theorem 3.1. The dependence of the solutions A^, k = 1, . . . ,n, of the Schlesinger 
system S(^n,m) upon the variables Ui, . . . , ti„ is determined by Hamiltonian systems on 
Ii3.1\) with time- dependent quadratic Hamiltonians 



Tr (AkAi) 

Ai = {Ai,Hk}. (3.4) 



^^^^in^^ (3.3) 

_d_ 

dui 



To arrive from the Hamiltonian systems (13. 3p . (13. 4p to the isomonodromic defor- 
mations one is to impose an additional constraint. Define 

A^:=-{Ai + --- + An). (3.5) 

It can be easily seen that 

^A^ = {A^,Hi} = Q, i = l,...,n. (3.6) 

So, the matrix entries of A^o are integrals of the Schlesinger equations. They generate 
the action of the group sl{m) on g by the diagonal conjugations 

Ak^G-^AkG, fc = l,...,n, Gesiim). (3.7) 

To identify the Hamiltonian equations (13. 4p with isomonodromic deformations one is to 
apply the Marsden - Weinstein procedure of symplectic reduction [H]. In our setting 
this procedure works as follows. Let us choose a particular level surface of the moment 
map corresponding to the first integrals (13.60 . We will mainly deal with the level 
surfaces of the form 

= diag (a1°°\ . . . , A^^)) , A;°°VAf\ 1^3 (3.8) 
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for some pairwise distinct numbers , . . . , Am • 

After restricting the Hamiltonian systems onto the level surface (13.81) there remains 
a residual symmetry with respect to conjugations by diagonal matrices 

Ak^ D-^AkD, A; = l, ...,n, = diag (di, . . . , d^- (3.9) 

Denote 

Diag ~ [C*]"""^ C SL{m) 
the subgroup of diagonal matrices acting on q by simultaneous conjugations (13.91) . 

Definition 3.2. The quotient of the restriction of the Hamiltonian system (13.31) . (13.41) 
onto the level surface of the form (13. 8p w.r.t. the transformations (13.91) will be called 

reduced Schlesinger system. 

From the above results it readily follows that, the reduced Schlesinger system de- 
scribes all nontrivial monodromy preserving deformations of the Fuchsian system (II. 2p . 



3.2 Symplectic structure of the isomonodromic deformations. 

The symplectic leaves of the Poisson bracket (13. 2p are products of adjoint orbits 

(Ai,...,A„) G Oi X •■■ X a C (3.10) 

where Ok is the adjoint orbit of A^. The symplectic structure uh induced by (13. 2p on 
the orbits can be represented in the following form [21]. Given two tangent vectors 

5iA = VA^, 5,A = y^^ (3.11) 

Z-Uk Z-Uk 

at the given point A{z) the value of the symplectic form can be computed by 

uh{5,A,52A) = -^Tr(f/i^)Mfc), (3.12) 

k 

where the matrices u'f' are such that 5iAk = [uj^^^ , Ak] . 

Actually, the symplectic structure (I3.12p was obtained in [23] from the general 
Atiyah - Bott Poisson structure [3] on the moduli space of flat SL{m) connections on 
the surface S. It is obtained by projecting the gauge invariant symplectic form 

ooab{SiA, 62A) = -L /■ Tr {6,A A 62A) (3.13) 

onto the moduli space. In our case E is the Riemann sphere without small discs around 
the poles of A{z). 
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The eigenvalues of the matrices Ak are Casimirs of the Poisson bracket ( 13. 2p . We 
will mainly consider the generic case where these eigenvalues are distinct for all = 1, 
. . . , n. Then the level sets of the Casimirs coincide with the symplectic leaves fl3.10p . 

Denote 

(Spec Ai, . . . , Spec An) 

the collection of the eigenvalues of the matrices {Ai, . . . ,An) G g. Generically these 
are the parameters of the symplectic leaves. Fixing the level surface of the moment 
map (13.81) and taking the quotient over the action (13.91) of the group Diag C SL{rn) 
of diagonal matrices one obtains a manifold that we denote 

M (Spec Ai,..., Spec v4„;Aoo). (3.14) 

The dimension of this manifold is equal to 2g where 

mim — V]{n — 1) , , , , 

9 = — Y --i^-^)- (3-15) 

Indeed, the dimension of a generic adjoint orbit Oi is equal to — m. Choosing a 
level surface (13.81) of the momentum map 

(Ai, . . . , A„) ^ A^ := -(Ai + ■ ■ ■ + A„) 

we impose only im? — 1 independent equations, since the trace of the matrix A^o is 
equal to the sum of traces of Ai, . . . , A^- Finally, subtracting the dimension m — 1 of 
the group Diag we arrive at (I3.15p . The manifold still carries a symplectic structure 
since the action of the Abelian group Diag preserves the Poisson bracket (13. 2p . One 
of the aims of this paper is to construct a system of canonical Darboux coordinates on 
generic manifolds of the form (13.140 . 

For our aims it will be useful the following approach to the Hamiltonian theory 
of monodromy preserving deformations developed recently by Krichever |36]. He has 
obtained a general formula for the symplectic structure on the space of isomonodromic 
deformations of a generic linear system of ODEs of the form 

^<l> = A{z)^, 

where z is a variable on a punctured genus g algebraic curve and A{z) is any meromor- 
phic matrix function of z with poles of any order at Pi, . . . , P„. In the case of genus 
(7 = the formula reads 

a;,^ = -^5];Res,=p,Tr(MA5$$-^) (3.16) 

k 

where the variations 6 A and 5$ are independent. The corresponding Hamiltonian 
function describing the isomonodromic deformations in the parameter Pj is 

Hk^ = -^Res,=pTr(A(^)2). (3.17) 
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Due to gauge invariants [36] the symplectic form admits a restriction onto the manifold 
(13.101) . It defines therefore a symplectic structure ujk on the product of adjoint orbits. 
Let us prove that the symplectic structures ujh and ujk coincide, up to a sign. 

Theorem 3.3. In the setting of isomonodromic deformations of the Fuchsian system 
U.S\) the two symplectic forms li3.1S\) and Ii3.16\) coincide (up to a sign) 

ujk = -ujh- (3.18) 



Proof. The variations 5 A tangent to the orbit are obtained by means of an infinitesimal 

gauge transform with G = H + 0, i.e. 

A A 
bA = GAG-' + —G-' - A = -[A,(f)] + —(f) + 0(0^). 
dz dz 

So, representing the tangent vectors (13. lip as 

6iA = - [A,(l)^] + -^<P„ i = l, 2 

we obtain 

where f/^*'' is given by the first term of the expansion of 0j at Uk 

0,(z) = f/f + 0(^-nfc). 

Because of this 

UHiS,A,S,A) = -5^Tr(A,[f/«,f/f ]). 

k 

In the formula (13.161) we can take 

5i$$-i = 0i, 1 = 1,2. 
Indeed, the matrices (pi and satisfy the same equation. This follows from 

dz 



Thus 

UJk 



(5i A, S2A) - i ^ Res,=,,Tr(5i A 02 - 01^2^) 

k 

k 

The Theorem is proved. □ 



One can also prove that the Hamiltonians (13.171) correctly reproduce the formula 
(13. 3p . up to a minus sign (this is not a problem because also the signs of the two 
symplectic structures are opposite). We shall use the Krichever formula in the next 
Section in order to compute Poisson brackets for a new set of Darboux coordinates 
that we call isomonodromic coordinates. 
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3.3 Multi-time dependent Hamiltonian systems and their canon- 
ical transformations 



Let V he a manifold equipped with a Poisson bracket { , }. A function H = H{x]t) 
depending explicitly on time defines a time dependent Hamiltonian system of the form 

x = {x,H}. (3.19) 

The total energy 

E{t) := H{x{ty,t) (3.20) 

computed on an arbitrary solution x = x{t) to fl3.19p is not conserved. However, the 
following well known identity describes its dependence on time 

• _ dHjx; t) 

E - \x=xit)- (3.21) 

One can recast the equations fl3.19p . fl3.2ip into an (autonomous) Hamiltonian form 
using the following standard trick of introducing extended phase space 

V:=Vx Mj^ 

with a Poisson bracket { , }" such that 

{,}; = {,}, {x,ty={x,Ey=o, {E,ty=i (3.22) 

The Hamiltonian 

H := H{x;t) - E (3.23) 
yields the dynamics (13.191) . (I3.2ip along with the trivial equation 

i = 1. 

The new Hamiltonian H is a conserved quantity. One returns to the original setting 
considering dynamics on the zero level surface 

H{x]t,E) = 0. 

Let us now consider n functions on V depending on n times Hi = Hi{x;t), . . . , 
Hn = Hn{x; t) where 

t := (ti, . . . , t„). 
Assume that the time dependent Hamiltonian systems 

ux 

— = {x,Hi}, z = l,...,n (3.24) 

commute pairwise, i.e. 

d dx d dx ^ „ , , , 

7^7^ = 7^7^ for all i ^ j. 3.25 

dtjdti dtidtj ^ ■' ^ ' 

Because of commutativity there exist common solutions x = x{t) of the family fl3.24p of 
differential equations. We want to introduce an analogue of the extended phase space 
for these multi-time dependent systems. We begin with the following simple 
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Lemma 3.4. The Hamiltonian systems ( 3.24 ) commute iff the functions 

dHi dHj 



'^^^'^'^'^^ dt, du 



+ {H,,H,}, 1^3 



(3.26) 



are Casimirs of the Poisson bracket, i.e. 

{x.Cij} = 0. 

The energy functions 

Ei = Ei{t) := H,{x{t);t), i = l, 

satisfy 



,n 



dt, 



-\- Cij (x, t 



x=x(t) 



In these equations 



are partial derivatives. 



dHi dH,{x;t) 



dt, 



dti 



(3.27) 
(3.28) 

(3.29) 



Proof. Spelling out the left hand side of (13.251) gives 

d dx 



dtj dti 



Lie_a_{x, Hi} 



Lie a X, Hi 



{{x,H,},H,} 



X, Lie d Hi 



r)H 

x,^ + {H,,,H,} 



dti 



In this calculation we have used that the Hamiltonian vector fields are infinitesimal 
symmetries of the Poisson bracket. Substituting this expression into (13.251) and using 
Jacobi identity we arrive at 

OH, OH _n 

This proves the first part of the Lemma. The second part easily follows from (13.261) : 



m 

dti 



{H^,H,} + 



dH dHi 



dtj dti 



+ Q, 



The Lemma is proved. 



□ 



Definition 3.5. The functions ifi(a;; t), . . . , Hn{x; t) on V x define n multi-time 
dependent commuting Hamiltonian systems if they satisfy equations 



dHi dHi 



dtj dti 



{Hi,Hj} = 0, i,j = l,...,n. 



(3.30) 
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The energy functions Ei = Ei{t) of a multi-time dependent commuting family 
satisfy 

Remark 3.6. The evolution equations for the energy functions take more "natural" 
form 

dE, _dH, 

similar to Ii3.21\) under an additional assumption of commutativity of the Hamiltonians 

as functions on the phase space V . Observe that the one-form 

w = Hi{x{t))dti + ■■■ + Hn{x{t))dtn (3.33) 

is closed for any solution x{i) if the Hamiltonians commute. The commutativity holds 
true in the case of Schlesinger equations (see below). The closeness of the one-form 
^3. 33\) is crucial in the definition of the isomonodromic tau-function. 

Let us now define the extended phase space 

P ■.= Px M^^ (3.34) 

where the coordinates on the second factor will be denoted ti, . . . , tn, Ei, . . . , En- The 
Poisson bracket { , }" on the extended phase space is defined in a way similar to ( 13.220 

{,}; = {,}, {x,t,r= {x,E,r= 0, {E,,t,r= s,,. (3.35) 

The Hamiltonians on the extended phase space are given by 

Hi = Hi{x;t)-Ei, 2 = l,...,n. (3.36) 

On the extended phase space the multi-time dependent commuting Hamiltonian equa- 
tions can be put into a form of autonomous commuting Hamiltonian systems. Namely, 
the following statement holds true. 

Lemma 3.7. For a multi-time dependent commuting family of Hamiltonian systems 
the Hamiltonians /13.36\) commute pairwise. The corresponding Hamiltonian equations 
on the extended phase space ((5'. 34\ ) read 

dx 

— = {x,Hjy= {x,Hj} 
dt 

^ = {t,,H,r=6.,. (3.37) 
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Proof is straightforward. 

On the common level surface 

Hi = 0,...,Hn = 0. 

in V one recovers the original multi-time dependent dynamics. 

Let us now consider the particular case of a symplectic phase space V of the di- 
mension 2g. Introduce canonical Darboux coordinates qi, . . . , Qg, pi, . . . , Pg, such that 
the symplectic form uonV becomes 



9 

UJ 

1=1 



"^dpi A dqi. 

1=1 

Then the extended phase space carries a natural symplectic structure 

n 

-"^dE.Adti. (3.38) 



UJ = u 

i=l 



The canonical transformations of a multi-time dependent commuting Hamiltonian fam- 
ily are defined as symplectomorphisms of the extended phase space V equipped with 
the symplectic structure (13.381) . 

Example 3.8. A multi-time dependent generating function S = S{q, q, t) satisfying 

det — — ^ 

oqidqj 

defines a canonical transformation of the form 

. dS dS ~ ^ dS 

OQi oqi dtk 

Usually in textbooks the last equation is written as the transformation law of the Hamil- 
tonians, i.e., the new Hamiltonians are given by 

dS 

Hk = Hk-—, k=l,...,n. 
dtk 

We will stick to this tradition. 



Let us come back to Schlesinger equations. In this case the position of the poles 
Ml, . . . , Un play the role of the (complexified) time variables. It is straightforward to 
prove that the Schlesinger equations on g* can be considered as a multi-time dependent 
commuting Hamiltonian family. 
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Theorem 3.9. The Hamiltonians Hk of the form 1^3. 3\} on q* Poisson commute 

{Hk,Hi} = 0, \fk,l = l,...n. 

They also satisfy 

dHk _ dHi 
dui duk ' 

We end this Section with the fohowing simple observations about the Hamihonians 
(13. 3p . First, these Hamiltonians are not independent. Indeed, 

n 

^Hi = 0. (3.39) 

i=l 

Therefore the solutions to the Schlesinger equations depend only on the differences 
Ui — Uj. Moreover, 



i=l i<j \ i=l 



A\ . (3.40) 



So, for a solution to the Schlesinger equations 



" d 

S2ui—Ak = [Ak,A^]. (3.41) 

1=1 

Thus the Hamiltonian (13.401) generates trivial dynamics on the reduced symplectic 
leaves. This implies that the solutions to the Schlesinger equations depend only on 
n — 2 combinations of the variables Mi, . . . , m„ invariant w.r.t. the action of one- 
dimensional affine group 

Ui^aui + b, i = l,...,n, aj^O. 

Due to this invariance it is sometimes convenient to normalize the position of the poles 
of the Fuchsian systems by 

= 0, U2 = 1. (3.42) 



4 Scalar reductions of Fuchsian systems. 

In this section we establish a birational transformation, that we call scalar reduction, 
between the space of all m x m Fuchsian systems of the form (11.21) considered modulo 
diagonal conjugations and the space of special Fuchsian differential equations, that we 
describe in the next sub-section. 
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4.1 Special Fuchsian differential equations 

Recall that a scalar linear differential equation of order m with rational coefficients 
is called Fuchsian if it has only regular singularities. Writing the differential equation 
in the form 

y(™) = ai(^)y('"-i) + --- + a„(% (4.1) 

one spells out the condition of regularity of a point z = zq in the form of existence of 
the limits 

hk{,Zo) := - lim {z - Zofak{z), k = 1,. . .,m. 
The infinite point z = oo is regular if there exist the limits 

bk{oo) := — lim z^ak(z), = 1, . . . , m. 



All the solutions to the equation (14.11) are analytic at the points of analyticity of 
the coefficients. Let z = zq he a pole of the coefficients of the Fuchsian equation. The 
indicial equation at the point z = Zq reads 

A(A - 1) • ■ ■ (A - m + 1) + 6i(2o)A(A - 1) • ■ ■ (A - m + 2) + . . . 

■■■ + 6„„i(zo)A + 6„(2;o) = 0. (4.2) 

If the roots Ai = \i{zo), . . . , A^ = Am(zo) of this equation are non-resonant, i.e. none 
of the differences Aj — Xj is a positive integer, then there exists a fundamental system 
of solutions of the form 

Vji^) = - ^o)^' 1 ^ 5Z '^^■'(^ ~ ^o)' ) ' i = 1' • • • ' Z ^ Zq. (4.3) 

Therefore the roots of the indicial equation coincide with the exponents at the regular 
singularity z = zq. Similarly, the indicial equation at 2 = oo reads 

A(-A - 1) • • ■ (-A - m + 1) + 6i(oo)A(-A - 1) ■ ■ ■ (-A - m + 2) + . . . 

••■ + 6„_i(oo)A-6„(oo) = 0. (4.4) 

The roots of this equation give the exponents Aj = Aj(oo) at 2; = oo. The corresponding 
fundamental system of solutions, in the non resonant case is given by 




Remark 4.1. For a Fuchsian differential equation with non resonant roots of Iji4-4\ l 
there exists a unique canonical, up to a permutation of the roots, basis of solutions Ili4.5\ ). 
Therefore there exists a unique canonical normalization of the monodromy matrices, 
for a given choice of a basis in the fundamental group of the punctured plane. 
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If the Fuchsian equation has + 1 poles including infinity then the exponents 
satisfy the following Fuchs relation 

Y,Hz,){N-l) ^ ^ \ (4.6) 

all poles 20 *=1 

In the resonant case logarithmic terms are to be added. They can be obtained by 
a method similar to the one described above for the case of Fuchsian systems. See [9] 
for the details. 

Remark 4.2. If X is a root of the indicial equation Iji4-^ ^'^'^ X + n is not a root for 
any positive integer n then there exists a solution 



(i + 5^q(^-.o)') 

\ l>0 / 



y[z) = {Z- Zq)^ I i + > Ci{Z- ZqY I , Z ^ Zq. 



Definition 4.3. A pole z = zq oi the coefficients of the Fuchsian equation is called 
apparent singularity if all solutions y{z) are analytic at z = zq. 

A necessary condition for the pole z = z^io be an apparent singularity is that all the 
roots Ai, . . . , Am of the indicial equation (14. 2 p must be non-negative integers. Absence 
of logarithmic terms impose additional constraints onto the coefficients of the Fuchsian 
equation. Let M be the maximum of the roots. Then the full set of constraints can be 
obtained by plugging into the equation the expansions (14. 3 p truncated at the term of 
order M and requiring compatibility of the resulting linear system for the coefficients 
ajh j = 1, . . . ,m, / = 1, . . . , M. 

Definition 4.4. A Fuchsian differential equation of order m is called special if it has 
n + 1 regular singularities at the points z = ui, . . . , z = Un, z = oo and also g apparent 
singularities z = qi, . . . , z = qg, where g is given by the formula (I3.15P with the indices 
0, 1, . . . , m — 2, m. 

Observe that, due to Fuchs relation [5] for a special Fuchsian equation the sum of 
the indices at the points z = ui, . . . , z = Um, 2: = oo is equal to m — 1. For this reason 
we will denote, as above 

the indices at z = and 

AS-\Ar) + i,...,A(r) + i 

the indices at infinity. These numbers have zero sum (cf. (I2.2ip 

n m m 

We now describe in more details the behavior of the coefficients of the special 
Fuchsian equation near an apparent singularity. 
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Lemma 4.5. Near an apparent singularity z = qi there exist m linear independent 
solutions yi{z), . . . ,ym{z) to the special Fuchsian equation having expansions at 

z = qi of the following form 

m — 1 ! 



(m- 1)! 



y,= {z- q,) + r^^Az - q,r-' + 0{z - q,r+\ 



(4.8) 



[m — Z)\ [m — \)\ 

m\ (m + Ij! 

where . . . , am are some constant coefficients. 

The proof is obvious. 
Denote 

(i™ ^m— 1 

the differential operator in the Lh.s. of (14. ip . 

Lemma 4.6. The point z = q^ is an apparent singularity of the special Fuchsian 
equation Cy = if and only if the following conditions are satisfied. 

1. The coefficients a\{z), a2{z), . . . , an{z) have at most simple poles at z = qi and 

Res,=q^ai{z) = -1. (4.9) 

2. There exist coefficients a(\ .. ., a^^-i ^'^'^^ that, after the substitution of the ex- 
pansions Iji4-^ i'f^to the differential equation one obtains 



Cyj = 0{z-qi), j = l,...,m-l, z ^ qi. (4.10) 

Proof. Suppose that z = is an apparent singularity. The indicial equation (14.21) 
for zo = qi by assumption must have the roots 0, 1, m — 2, m. Because of it 
^i(^o) = —1 and 6fc(zo) = for A; > 1. So 

ak{z) = (1 + 0{z - qi)) , z qi, k = 2,...,m, 

{z - qi)"-^ 

for some constants Ci, . . . , c^- Let us prove that C3 = ■ ■ ■ = = (only the non trivial 
case m > 3 is to be studied). Indeed substituting the solution yi{z) from (14.81) into the 
equation one obtains that the l.h.s. behaves as 

{z-qi}"^ 1 
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Hence Cm = 0. Similarly, substituting y2{z) one proves that, for m > 4 Cm-i = 0. 
Continuing this procedure we prove that all the poles are at most simple. 

Validity of (14.101) means that the solutions yi{z), . . . , ym-i{z) corresponding to the 
roots 0, 1, ...,m — 2of the indicial equation at z = qi contain no logarithmic terms 
up to the order 0{z — qi)"^. As it was explained in the previous page, this implies 
absence of logarithmic terms also in the higher orders since the order of resonance by 
assumption is equal to m. It remains to observe that the holomorphic solution ym{z) 
corresponding to the maximal root m always exists (see Remark 14.21) . The vice-versa 
is obvious. □ 



The main result of this Section is a coordinate description of the space of all special 
Fuchsian equations with given indices. Denote 

:= -«m-l + ^1 , s = l,...^. 

(i) m(m-l)" 



0- 



(4.11) 



m 

i=i 

Theorem 4.7. Any special Fuchsian equation of order m with given indices X^j \ j = 1, 
. . . , m, i = 1, . . . , n, oo satisfying ^. 7\ ) must have the form 

^"'^ = a,{z)y^"'-'^ + ■ ■ ■ + am{z)y (4.12) 



where the coefficients are given by 



ai(z 



ak(z 



^ z - q^ ^ z-Ui ^ ^ 2 
s=i i=i * Lj=i 

'J D/ \k-l n ii) 



s=l 



z- qs 



+ (-1)'=-^ y J^[B'{ui)f-^ + (4.13) 
^-^ z — w 



i=l 



= 2, . . . , m. 



R{z) 



k-l ' 



Here R{z) = HLil^ ~ ^k), Pn-siz), P2n-A{z), Prr,n-ra-n-i{z) arc somc poly- 
nomials labeled by their degrees, c^^\ c^Li are some numbers. The coefficients 

I3'^\ . . . , j3m\ k = 1, . . . ,n,oo depend only on the indices. They are determined from 
the identities 

A(A - 1) . . . (A - m + 1) - pPx{X - 1) . . . (A - m + 2) + 



+/3?^A(A-l)...(A-m + 3) 



Pij^ = - ) (4-14) 
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A(A + l)...(A + m-l) 



A(A + l)...(A + m-2) 



)A(A + 1) . . . (A + m - 3) + ■ ■ ■ + {-ir-'(3l^^ (4.15) 

m 

= (A-AS~))n(A-Af)-l). 

r/ie coefficients of the polynomials Pn-3{z), P2n-i{z), ■ ■ ■ , Pmn-m-n-i{z) and the pa- 
rameters Ci \ . . . , c^^_i are rational functions of qi, . . . , qg, pi, ■ ■ ■ , Pg and Ui, . . . , Un- 

Proof of the Theorem. The ansatz (14.131) follows from the definition of a Fuchsian 
equation and from the first of the claims of Lemma [4.61 The expressions (I4.14p . (14.151) 
via indices is nothing but the spelling of the indicial equations (14.21) . fl4.4p . Let us 
now use the second statement of Lemma 14.61 in order to show that all the remaining 
coefficients are uniquely determined by and ps- 

Denote 5^*'' the constant term in the Laurent expansion of ak{z) near the apparent 
singularity z = qg, s = 1, . . . , g 

a^{z) = ^— + 5['H0{z-qs) 
^ Qs 

akiz) = -JIlz^ + 5^ + 0{z-qs), k = 2,...,m. (4.16) 
z-qs 

Lemma 4.8. 1. The coefficients c^-^'' in \4-l^ coincide with a"f^ in \4-9^ - 

2. The equation ( [^. j[ j with coefficients given by ^.13^ is special Fuchsian iff the fol- 
lowing equations hold valid for all s = 1, ■ ■ ■ , g 

Psai'^ + ^ ^1 - = 

p.aJ^U + 4'^ - = 0, (4.17) 

where 

p,:=-atl,+5[''\ s = l,...,g. (4.18) 

Proof. Substituting the solution yi{z) for 1 < / < m — 2 into (14. ip . by using (I4.13p . 
one obtains, modulo terms of order 0{z — g^) the nontrivial contributions only from 
the terms 

ai{z)y['^~^^ + a2{z)yl"'~^^ + am-i+i{z)yf~^^ + a^m_i+2{z)yf~'^^ . 
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According to Lemma 14.61 this expression must be of the order 0{z — g^) for z g^. 
Spelhng this out gives 



+ 5\ 



is) 



a) + 



c, 



m—l 



z-Qs 



+ 6. 



a\ '{z-qs) 



+ 



0{z-q,). 



+ 5, 



m-l+l 



l + a 



(s) [.z - q. 



\m—l 



{m-l)\ 



z-qs 



+ 5, 



m-l+2 



{z - qs) 
(4.19) 



Expanding these equations for / = 1, . . . , m — 2 yields 

c, — a) ' 



and also the first m — 2 equations of (14.171) . Analogously for Z = m — 1 the nontrivial 
contributions in (14.131) arise only in the terms 

ai{z)y^ZZi^ + a2{z)y^J^Z? + a:i{z)y^^~^\ 
Again, imposing that this expression must be of the order 0{z — qg) , one obtains 



c, 



is) {s) 
m—l 



and also the last equation of (14.171) . 

Due to Lemma 14.61 the equations (14.191) for Z = 1 , . . . , m — 1 are necessary and suf- 
ficient for the points z = qg to be apparent singularities of a special Fuchsian equation. 
The Lemma is proved. □ 



End of the proof of the Theorem 14. 71 We have derived a system of linear equations 
(14.171) for the parameters a^{'\ . . . , a^Li, s = 1, . . . ,g and for the coefficients of the 
polynomials Pn-3{z), P2n-4:{z), . . . , Pmn-m-n-i{z). It is casy to see that the number of 
equations is equal to the number of unknowns. It remains to prove that the determinant 
of this linear system is not an identical zero. 

Let us first eliminate the a's. To this end we need to spell out the terms \ • • • , Sm 
of order zero in the expansions of a2, . . . , at z = g^: 
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where 



is) 



fk{z) 



— + fkiqs 



Pkn—n—k—lijls 



R{qsf 



k-l 



(°°) ^k n—n—k 



R{z\ 
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The rational functions fi{z), . . . , fm{z) depend only on the positions of the poles Ui 
and the indices. Using these notations we rewrite the equations (14.171) as follows 

(s) , {m-l)R\qs) (s) _ >r- , . , Pmn-m-n-Ms) _ 

' R{qs) ' Rigs)-' " ' 

(^) (m - 2)R'{qs) (^) af R{qt)'^-'^ Pmn-m-2n{qs) (s) 



+— fife)— "5fe-,.)ii(,.)-+^"-''''' + -Rfe^'»- 

„(*) 



(s) , -R'(q's) {s) Sr^ Oim-lR{(lt) , f I \ , Pn-3{qs) (s) , . on^ 



Let us introduce the following vector notations. Denote 

q= p = (pi, . . . 

For any function j{z) introduce vector 

/(q) :=(/(gi), •••,/(?.)). 
Similar notations will be used for functions of p. For example, 



We also introduce ^f-component vectors with the coordinates ol'^^ and b\ with the 

coordinates b^f' . The last ingredient will be the g ^ g matrices M*^'-* = {Mf^), I = 
1, . . . , m — 1 with the matrix entries 



Using these notations we can rewrite the equations (I4.20p as follows 



= M(-^) (5, - p) + /2(q) + %^ 
am-z = M(-^)a„_2 + /3(q) + %^ 

^(q) 

!\/r(2) If / \ I -P(m-l)(n-l)-n-l(q) 

a, = ^a, + /„_i(q) + J^^^2 

= M«a, + fM + (4.22) 

Substituting the first equation into the second equation we obtain 

a„_3 = M""-) (Af<">-"a„._. + A(q) + ^^j^) + ^(q) + 
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Continuing this process we express all a's via the known functions and the coefficients 
of the polynomials Pns^z), P2ri-i{,z), . . . , Pmn-m-n~i{z). On the last step we arrive 
at a linear equation for these coefficients: 

Pm(n-i)-n-i(q) + M(^)P(„_i)(„_i)_„_i(q) + ■ ■ ■ + M(i)m(2) . ■ ■ M('"-2)p„_3(q) 

= M(i)m(2) . . . M^™-!) [p - - M(^)m(') ■ ■ ■ M^""^^f2iq) 

-M«/„_i(q)-/„(q) (4.23) 

where we denote 

p (^\ Pkn-k-n-l{z) L _ 9 ™ 

^kn-k-n-l\Z) .— ]^(^z)k-l ' t — ^, • • • , 

It remains to prove that the determinant of the linear operator in the left hand side of 
this system does not identically vanish. 

Indeed, this determinant is a polynomial in pi, . . . , pg. Let us compute the terms 
of highest degree in these variables. It is easy to see that those terms can be written 
down explicitly 

Wm,n(9l,---,9g,Pl,--.,Pg) 

where the polynomial Wm,n in 2(7 variables is defined in flA.211) . 

ps ■■= PsR{qs)- 

Clearly it is not an identical zero. This proves the Theorem. □ 

Corollary 4.9. The positions qi, . . . , Qg of the apparent singularities along with the 
auxiliary parameters pi, . . . , Pg are coordinates on a Zariski open subset in the space 
of all special Fuchsian equations with given indices and given Fuchsian singularities 



Observe that, in terms of the special Fuchsian equation the auxiliary parameters pi 
are defined by 

1 



Pi = Res, 



z=qi 



a2{z) + -ai[zf 



(4.24) 



They are related to ps := dm-i by the shift di"* (see (14.111) ) of the form 

P. = -P, + (4.25) 

oqs 

1 T — r T — r T — r , (0 m(m—l) 

5(q,u)=-iogn+iognn(^^-"*^ 

s^t i=l s=l 

We will see below that the coordinates and Ps are canonically conjugated variables 
for the Schlesinger equations. The shift (I4.25P is a canonical transformation. So, the 
variables and —ps are also canonically conjugated. 
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Remark 4.10. The linear system { 4-23\ ) to be solved in order to reconstruct the special 
Fuchsian equation with given indices and poles and g given pairs {qi,Pi) is very similar 
to the linear equation liA.2(j^) used in the Appendix below in order to reconstruct the 
spectral curve ( A. 4 ) starting from its behavior over z = Ui, . . . , z = Un, z = oo and a 
given divisor (71, /ii) H — ■ + (7^, /i^) of the degree g. The essential difference is that, in 
matrix notations in ^A . 20\) enter the powers of the diagonal matrix {fii, . . . , fig) while 
in { 4-23 ) this is to be replaced by the matrix M of the form { 4-21\) . It is a surprise 
that the matrix M^'^ for I = m coincides with the Lax matrix for the Calogero - Moser 
system fj^ ! At the moment we do not have an explanation of this coincidence. 



4.2 Transformation of Fuchsian systems into special Fuchsian 
differential equations. 

In this Section we will assign to a Fuchsian system (ll.2p a special Fuchsian differential 
equation of the form 



m—l 



(m) 



(0 



(4.26) 



Note a change of notations with respect to (14.11) : 

dl{z) = ara-l{z), I = 1, 



m. 



The reduction of a system of differential equations to a scalar equation is given 
by the following wellknown classical construction. Denote by 0i, 02, • • • , 4'm the 
components of the vector function $. The m-th order linear differential equation for 
the scalar function y := (pi can be written in the determinant form 

/ y yi ■■■ ym\ 



det 



yi 
y'l 



\y 



(m) 



yi 



(m) 



2/r, 



(m) 

ym 



0. 



Here is the first row of a fundamental matrix solution for the system (II. 2p . 

Expanding the determinant one obtains the needed differential equation in the form 

iy(z)yM = iy'(^)y(— 1) + iy„_2(z)y("^-2) + . . . + Woiz)y 



where 



W{z) = det 



/ yi 

y'l 



ym 
y'm 



\y\ 



(m-l) 



(m-1) 
yrn 



(4.27) 



(4.28) 



is the Wronskian of the functions yi{z), . . . , ym{z), the functions Wi are certain deter- 
minants with the rows constructed from {yi, . . . ,ym) and their derivatives. Therefore 

W'(z) . , . Wi(z) 



W{z) 



diiz) 



W{z)' 



Km -2. 



(4.29) 



34 



It readily follows that the coefficients of the scalar differential equation can have poles 
only at zeroes of the Wronskian and at the points ui, . . . , m„. Let us call the Fuchsian 
equation fl4.27l) the 1-associated with the Fuchsian system (II ■2p . In a similar way one can 
obtain for any j = 1, . . . ,m the j-associated Fuchsian equation for the j-th component 
of 

We will now give a more precise description of the poles of the scalar Fuchsian 
equation and the corresponding exponents. Let us begin with the poles that come 
from zeroes of the Wronskian. They are so-called apparent singularities of the Fuchsian 
differential equation (14.271) . That is, the coefficients of the differential equation have 
poles at zeroes of W{z) but all solutions are analytic at these poles. Let us ffist compute 
exponents at the apparent singularities. 

Lemma 4.11. Let z = q be a zero of the Wronskian W{z) of the multiplicity k. Then, 
if k < m ~ 1 then the exponents of solutions to the Fuchsian equation are 

0, 1, ...,m-k-l, m-k+ji, m-k + l+ji+j2, ...,m-l+ji^ hjfc (4.30) 

where ji, ■ ■ ■ ,jk ore nonnegative integers satisfying 

kji + {k- l)j2 + ---+jk = k; (4.31) 

if k > m then the exponents are 

0, 2 + ji+j2,...,m-l+ji + ---+j„_i (4.32) 

where ji, . . . ,jm-i o,re nonnegative integers satisfying 

(m - l)ji + (m - 2)j2 + ■ ■ ■ + Jm-i = k. (4.33) 

Proof. All the exponents at an apparent singularity must be nonnegative integers 
< < ■ ■ ■ < rim- The corresponding basis of solutions must have the form 

y,{z) = {z- qni + 0{z - q)), y^{z) = {z - g)'^'"(l + 0{z - q)). 

Therefore all the exponents are pairwise distinct: in the opposite case the difference 
of two basic solutions would have a higher exponent. Besides, necessarily ni = 0. 
Indeed, otherwise all elements of the ffist line of the fundamental matrix $ would 
vanish ai z = q. This contradicts to non-degeneracy of the determinant det ^{z) of the 
fundamental matrix solution to the Fuchsian system. 

Let us now spell out the indicial equation (14.21) at z = q, 

A(A - 1) . . . (A - m + 1) - 6iA(A - 1) ... (A - m + 2) &™ = 

where 

bm-i = \im{z - q)"'-'di{z), z = 0, 1, . . . , m - 1. 
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Because of (14.29P we always have 

bi = k 

where k is the multiphcity of z = g as a zero of the Wronskian. Besides, if < m — 1 
then 

bk+i = ■ ■ ■ = bm = 0. 
So the indicial equation factorizes 

A(A - 1) . . . (A - m + A; + 1) 

x[{X-m + k) ...{X-m + 1) -k{X~m + k)...{X-m + 2) 6fc] = 0. 

The sum of the k roots of the second factor is equal to 

{m — k) + {m — k + 1) + ■ ■ ■ + {m — 1) + k. 

As these roots must be pairwise distinct positive integers different from zeroes of A(A — 
1) . . . (A — m + /c + 1), they can be represented in the form fl4.30p . fl4.3ip . 

Let us now consider the case of multiplicity k > m. Since A = must be a root of 
the indicial equation, one has bo = 0. Hence the indicial equation reads 

A [(A - 1) ... (A - m + 1) - A; (A - 1) ... (A - m + 2) bm-i] = 0. 

Again, the (m — 1) roots of the second factor are pairwise distinct positive integers 
with the sum equal to 

1 + 2 H h (m - 1) + fc. 

So, they can be represented in the form (14.321) . fl4.33p . The Lemma is proved. 

Corollary 4.12. If z = q is a simple root of the Wronskian W{z), then the exponents 
of the Fuchsian differential equation ( [//.i^Tp are 

0, 1, . . . , m — 2, m. 

Remark 4.13. In Kimura and Okamoto claimed that, for an apparent singularity 
of multiplicity k the exponents are 

0, l,...,m — 2, m + Zc — 1. 

We were unable to reproduce the proof of this statement for k > 1. 

Theorem 4.14. Take a Fuchsian system of the form 1^1. S\} with pairwise distinct non- 
resonant exponents at oo X[°°\ i = 1, . . . ,m. Denote X^i \ . . . , Xm^ the exponents at Uk, 
k = 1, . . . ,n. Suppose that for some j = 1, . . . , m 

n 

Ak^.Uk ^ 0, = 1, . . . , m, z ^ J. (4.34) 

k=l 



36 



Then the scalar differential equation for the j-th component 

y ■= 0i 

of the solution $ of the deformed system U.2\) possesses the following properties. 

1. The coefficients of the equation depend rationally on the matrix elements of A^, 
k = 1, . . . ,n. They can be represented in the form 

d,(z) 



where 

in — l)mim — 1) , 
9 = - --{m-l), 

the functions fi{z) are polynomials of degree 

deg/z(z) = {n- l){m - I) + g, 

and qi, . . . , qg are zeroes of the Wronskian Ili4.28\ ). They are apparent singularities of 
the Fuchsian equation. 

2. This differential equation has regular singularities at Ui,...,Un with the ex- 
ponents X[''\ i = l,...,m, at Uk and also at oo with the exponents X^-I^\x'^^ + 

3. If the numbers qi, . . . , qg are pairwise distinct then the exponents at each ap- 
parent singularity are 0,l,...,m — 2,m. 

Proof. Without loss of generality we may assume j = 1. The above construction 
gives a Fuchsian equation with regular singularities at Ui, . . . , oo and apparent 
singularities at the zeroes of the Wronskian. Denote A^^^ . . . , Am the exponents of the 
solutions to the scalar equation at the point z = Ui for every i = 1, . . . ,n. From the 
construction it immediately follows that for j = 1, . . . , m 



Xf = Xf + nf, for some nf e N, (4.35) 



after a suitable labelling of the exponents. Let us now consider the exponents A^'^'', 
. . . , Xl^\ They satisfy modified equalities 

^(oo) ^ ^(oo)^ ^(oo) ^ ^(oo) ^ ^ ^ ^oo)^ g^^g ^oo) ^ J = 2, . . . , m. (4.36) 

Indeed, because of diagonality of the matrix A^q there exists a fundamental matrix 
solution of the Fuchsian system of the form 



Looking at the first row of this matrix yields the above estimates. 
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We will prove below that, doing if necessary a small monodromy preserving deforma- 
tion the above equalities are satisfied with = for alH = 1, . . . , n, oo, j = 1, . . . , m. 
To this end we now proceed to considering the apparent singularities. 

We already know from Corollary 14. 12l that. if z = g is a simple zero of the Wronskian 
then the exponents at the apparent singularity are 0, 1, . . . , m — 2, m. Let us now 
prove that, under the assumption (14.341) the Wronskian has exactly g zeroes (counted 
with their multiplicities). 

Denote 

n 

R{z) ■.= Y[{z-Uk). 

k=l 

Differentiating the linear system 

m 

<P',{z)=J2M^)<PA^) (4-37) 



where 



and using Leibnitz rule we have for each / = 1 , . . . , m 

j=l k=0 ^ ^ 

Denoting y = (pi, we rewrite the system in the form 

m I— I 

j=2 k=0 

for / = 1, . . . , m. The coefficients Vi+ij{z) and Qi+i,i~.k{z) are rational functions of z 
such that R{zyVi+ij{z) is a polynomial in z of degree nl — I — 1 and R{zY^^ QiJ^i^i-k{z) 
is a polynomial in z of degree {k + l)(ri — 1). They can be computed from the following 
recursion relations starting with 

The recursion reads 

m 
s=2 

Qi+2,i+i-k{z) = Q'i+i,i-{k-i)iz) + Qi+i,i-k{z), A; = 1, 1, 

Ql+2,l+l{z) = Ql+l,l{z), 

m 

Qi+2,i{z) = q;+i,iW + J2'Pi+iA^)^si{z). 

s=2 
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Observe that Qi+i^i{z) = Aii{z) for all /. 

The system (14.39^ can be written in the form 

/ \ f y \ 



V 



Q 



\4>m J 



where 



/ 1 



V 







V22{Z) 
\ Vm,2{z) 



y' 





V2m{z) 



(4.40) 



/ 1 

-Q.2l{z) 





1 

■QZ2{Z) 1 



Let us prove invertibility of the m x m matrix V. 
Lemma 4.15. 



'Pm,m{^Z^ J 

\ 




~Qm,m~l{z) 1 J 



(4.41) 



det {V) 



A{z) 



m(m-l) ■ 

R{z) 2 



(4.42) 



where A(z) is a polynomial of degree g = (" i)™(™ i) _ _ with leading coefficient 

(4.43) 



n 

2<i<j<m 



J=2 fc=l 



Proof. First of all we prove that, if Pi+ijZ^^ ' ^ is the leading term in R{z)^Vi+ij 

then the leading term in R{z)^^^Vi^2,j is pi+2,jz'^^^^^^^^^^^^^^ with pi+2,j = (— A^°°'* — 
(/ + l))]9;_|_ij. In fact, from the above recursion relations one obtains 



z] ~ 



R{zr'V,^2A^) = Rizy^'Pi,/z) + i?(z)'+i 5^P,+i,,(z)^ 

s=2 

^ ^^nl - I - l)pi^,, - nlpi+r,)z'''-'^^ + R{z)'+^Vi^i,{z)A,,{z) 

' n \ 

Y,A,^^{z)-{l + l)]p,^,,z-^^^^^-^^^^^-\ 



,fc=i 



Thus we have 



J' 
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with = Ylk=i ^kijUk because V2,j{z) = Aij{z). Substituting these leading terms in 
the entries Vij{z) we obtain that the leading term of V is RMP where 

P = diagonal (1,P2,2, • • ■,P2,m) 



R = diagonal ( 1 



/ 1 





M 





1 

(-A(°°) - 2) 

1/ \(oo) 



^(n-l)(i-l)-l ^(n-l)(m-l)- 



R{z)"^~^ 





1 

(-A^r^ - 2) 

nr=2'(-A^r^-j) J 



and computing the determinant we obtain fl4.42p . (14.431) . The Lemma is proved. □ 

Observe that the leading coefficient of the polynomial A (2;) cannot be zero, thanks 
to our hypothesis (14.341) . 

Continuing the procedure used in the proof of the Lemma it is easy to obtain explicit 
formulae for the coefficients of the scalar equation. Let X be the inverse matrix of V. 
Its leading term equals 



R{z 



(n-l)0-l)-l 



that is, 



Iij{z) 



Dij{z)R{z 
Aiz) 



where Dij(z) is a polynomial in z of degree (" '^)Mm 1) _ _ j^-j _ ^^^^j _ ]^^^^ _ j^-j _ 
with coefficients depending on Solving the system (I4.40p we obtain for i > 1 



j=l \ 2<s<j 



(4.44) 



Substituting (I4.44p in (I4.38P with I = m, we obtain 



m+l,j (^) 



j=l \_i=2 \ s=2 

that is the requested differential equation 

m—l 



y^'^'\z) 



y^"'\z) = Y,di{z)y^\'^ 



1=0 
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with 

m / l+l \ J. /X 

where fi,i{z) are polynomials of degree {n — l){'m — I) + g. 

It remains to prove the statement about the exponents of the scalar Fuchsian equa- 
tion at the poles z = Ui, z = oo. Let us assume for simplicity that all the apparent 
singularities are pairwise distinct (the general case can be considered in a similar way). 
Taking the sum of the equalities (14.351) . (I4.36P we obtain the following estimate 



j=i \ 1=1 / I J 

The sum of exponents at the apparent singularity z = Qs is equal to 

1 + 2H h(m-2)+m = + m. 

So the total sum of exponents of the Fuchsian equation satisfies 

E/m(m — 1) \ X ^ m(m — 1) x ^ 
exponents = m — l + g \ \- m j + nj{g + n — 1) h 

But, according to the Fuchs relation (14. 6 p the total sum of exponents over all g + n + l 
regular singularities must be equal just to {g + n — l) "^^"^~^K Therefore all non-negative 

integers n^j^ appearing in the equalities (14.350 . (I4.36P must be zero. The Theorem is 
proved. □ 



Remark 4.16. The above construction of the Fuchsian equation ^4-20^ for a given 
Fuchsian system is clearly invariant w.r.t. simultaneous diagonal conjugations of the 
coefficients of the latter. 

To make sure that (I4.26P is a special Fuchsian equation for a generic Fuchsian sys- 
tem, we are to prove that, in the generic case all the roots of the polynomial A{z) are 
pairwise distinct. This will follow from Theorem 14.71 claiming that, in the space of all 
special Fuchsian equations, the positions of the apparent singularities are independent 
variables and from the result of the next Section that says that, under certain gener- 
icity assumption the Fuchsian system can be reconstructed from the special Fuchsian 
equation uniquely up to a conjugation by constant diagonal matrices. 

4.3 Inverse transformation. 

Theorem 4.17. Consider an m-th order special Fuchsian equation of the form 

m-l f { \ 

yM{z) = y ,,,^'7, y \z), (4.45) 
^ ^ j-^ A{z)R{z)"^-^ ^ ^ ^ ^ 
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where R{z) = HLil^ " '^k), ^(z) = nLi(^ - Qi), 9 = ^" ^^"^"^ - (m - 1) and 
fi{z) are polynomials of degree {n — l)(m — I) + g. Let the exponents of the pole Uk, 
k = 1, . . . ,n, be \^^\ i = 1, . . . ,m, and the ones of oo be Xf^\ X^^^ + 1, . . . , + 1 and 
let qi, . . . ,qg be pairwise distinct apparent singularities of exponents 0, 1, . . . , m — 2, m. 
// the monodromy group of the Fuchsian equation is irreducible, then there exists 

a m X m Fuchsian system of the form 

k=i 

with exponents X^^\ . . . , A^^'' at oo and X^i \ . . . , Am'' at Uk, and no apparent singular- 
ities, such that the first row of its fundamental matrix satisfies the given m-th order 
Fuchsian equation. The matrix entries of the matrices Ak, k = 1, . . . ,n, depend ratio- 
nally on the coefficients of the polynomials fi and on qi, . . . ,qg, ui, . . . , Un- Moreover, 

az ^-^ z — Uk 

k=l 

is another Fuchsian system corresponding to the given special Fuchsian equation, then 
there exists a diagonal matrix D such that 

Ak = D'^AkD, k = l,...,n. 



Proof. This proof follows essentially the proof due to Bolibruch of reconstruction of a 
Fuchsian system from a given Fuchsian equation [3l[7]. We need some extra machinery 
in our case to eliminate the apparent singularities qi, . . . ,qg. 

Lemma 4.18. The system 

constructed from { 4-4^ by the transformation 

Y^ = [Aiz)Riz)y-'^, j = l,...,m, 

is Fuchsian at ui, . . . , m„, gi, . . . , with the same exponents of and has a regular 

singularity at oo. 

The proof is straightforward and can be found in [Sj [7] . 
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First of all we want to eliminate the apparent singularities qi, . . . ,qg. By Lemma 
I4.5[ near the point z = qi we can choose a basis of solutions yi, . . . ,ym such that 

= 7 \-TrSz - + 0{z - q^^'-^ k = m. 

dz'~^ [m — I + ly. 

To eliminate all apparent singularities qi, . . . ,qg, we apply the following gauge trans- 
formation 

Y = r(z)A(z)-^y, 

where M = diag (0, 1, . . . , m — 2, m) and T{z) is a lower triangular matrix with all 
diagonal elements equal to 1 and all off-diagonal elements equal to zero apart from the 
last row which is given by 

T{z)mi = —-—gi{z), / = l,...,m-l. 

A{z) 

where gi{z) is a degree g polynomial in ^ such that gi{qi) = and gi{z) ~ z~^ as 
z ^ CO. Let us show that the new matrix Y is holomorphic and invertible at z = qi. 

In fact near z = qi, we have 



[z - qi)A'{qi 



r2 = - ;:' ^.. +o{i), 



and A{z)~^'^Y = diag (l, . . . , 1, ^) diag (1, R{z), Riz)""-^) G{z), where 



G{z)ik = 0{z - qi), l^k,m, 
G{z)u = l + 0{z-qi), l^m 
G{z)mk = oif + 0{z-qi), k^m, 
G{z)mm = {z- qi) + 0{z - qi)^. 



This gives 



Y{z) = Yo + 0{z - q, 

m(m — 1) 

) ^ 

A'(g,) 

We now need to study infinity. First, in the non-resonant case, we can choose a 
basis yi, . . . ,ym of solutions for the differential equation of the form 



where det(yo) = ^^'^a'i' ^ ~ &s we wanted to prove. 



y,iz) = a,z-'? {l + OiD) 

yk{z) = akZ-^r-^ (1 + Oil)) ' k = 2,...,m 
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for some arbitrary non-zero coefficients As a consequence we obtain that 

Yn = {-iy-'a,X^^\x'f°^ + !)■■■ (a1°°) + / - 2)z(^'+")('-i)^-^?°-'+i (i + , 

k = 2, . . . ,m 

that gives 

where e(°°) = diagonal(A^, A^ + 1, . . . , A^ + 1), C = diagonal(0, (g+n-l), {g + n- 
l)(m-l)) and G^°°^ (z) is holomorphicly invertible at infinity such that G^°°\oo) has all 
minors not equal to zero. In particular the arbitrary choice of the parameters ai, . . . , 
implies freedom of multiplication of F by a diagonal matrix, diagonal(ai, . . . , am), from 
the right. 

In the resonant case, in similar way one obtains 

To estimate the indices at infinity of our Y{z) = T{z)A{z)-^z^G'^°^\z)z~^'°°^z~^^°°^ 
we want to use the following lemma proved in [3l [7j (see Lemma 4.1.2 in both refer- 
ences) . 

Lemma 4.19. Let U{z) be a matrix holomorphicly invertible at oo and let all the 
principal minors of [/(oo) be non zero. Then for any integers ki < k2 < ■ ■ ■ < km 
there exists an lower triangular matrix T^°°\z) with elements on the principal diagonal 
equal to 1, T^°°\z) polynomial in z, and a matrix V^°°\z) holomorphicly invertible in 
a neighborhood of oo such that 

T^^\z)z''U{z) = V^°^\z)z''. 

where K = diag (fci, k2, ■ ■ ■ , km)- 

We add that V^°°\z) and T^^\z) depend only on the first S := km — ki terms of 
the series expansion of U{z) = UsZ~^ near oo. 

To apply the above lemma, we first observe that 

r(^)^-^^+^ = ^-*^^+^f(z), 

where T{z) is a lower triangular matrix with all diagonal elements equal to 1 and all 
off-diagonal elements equal to zero apart from the last row which is given by 

f (^)„z ~ / = l,...,m-l. 

To apply Lemma [4. 191 we need to introduce a permutation P such that Pz~^'^9+c p-i _ 
z^ where, in the case m > 3 

K = diagonal ((m - l)(n - 1) - g, 0, {n - 1), 2{n - 1), . . . , (m - 2)(r2 - 1)) , 
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and in the case m = 2, K = diagonal(0, 1) and P = H. Moreover, in the case m > 2, we 
need to show that PT (oo)G^°°\oo) has all principal minors different from zero. This 
is a straightforward consequence of the fact that r(c)o) = 1 and G = PG^°°\oo)P~^ is 
given by 

Gu = {-lr-'a^X^r\^'^^ + !)••• (Ai°°^ + m - 2), 

= i-iy--W{\t^ + 1) . . . (Af ^ + m - 1), Ml 
Gn = i-iy-'a,X[°"\x[°^^ + 1) . . . (aS°°) + / - 2), / ^ 1, m, 

Gjk = i-iy-WiXt^ + l)...{Xt^ + l-l), /^l,m, 
Gmfc = Ofc, k = 1,.. .,m. 

We can then apply Lemma [4. 191 to 

PY = Pz-^^^+^f (z)G'(°°)(z)z-®'°°'z-^*°°' = z^Pf (z)G'(°^)(z)p-iPz-®'°°'z-^*°°'. 

We obtain a gauge transformation with the matrix T^°°\z) polynomial in z, such that 
the new fundamental matrix 

Y = T^°°\z)PY = T^°°\z)z^Pf{z)G^°°\z)p-^Pz-^^'^h-^^'^\ 

factors as 

Y{z) = V^^\z)z''Pz-'''°°\-'''°°' = i^(-)(^)p-i^-M9+c^-e(-)^-fi(°<=)^ 

with the matrix V^°°\z) holomorphicly invertible in a neighborhood of oo. The new 
exponents at oo are A^"^'*, A^^'' = A^'* + 1 + mg — {m — l){n + g — 1), and, for 
j = 2, . . . , m — 1, Aj"^'* = \^^^ + 1 — (j — l)(n — 1). Their sum is zero, therefore oo is a 
Fuchsian singularity (see [AB]). 

So we have constructed a. m x m Fuchsian system of the form 

^Y = y^Y 

az z — uu 

k=l 

with exponents X^^\ . . . , A^^"* at oo and A^'^'', . . . , Am^ at Uk, and no apparent 

singularities. We now want to map this system to a m x m Fuchsian system with 
exponents A^"""*, . . . , A^^"* at oo and A^'^'', . . . , Am^ at u^. We need the following: 

Lemma 4.20. Given a Fuchsian system of the form Let Xf^\...Xm^ be the 

eigenvalues of the matrix for k = 1, . . . , n, oo and let be its diagonalizing matrix, 

^,-%^fc = diag(Af\...AL')). 

Assume that there are two eigenvalues, say A['^'* and X^m such that Am"* 7^ A^'^'' + 1, 
Xt^ ^ Xf^ + 2, and for all I ^ l,m, xf^ ^ Xf^ - 1 and A^^ ^ Xf^ + 1. // not all 
entries in position ml of the matrices Q^^AiQ^, I = 1, ■ ■ ■ ,n, are zero, then there exists 
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a gauge transformation Gk{z; Ai . . . , An, ui, . . . , Un), rational in all arguments, such 
that the new matrices Ai, I ~ 1, . . . ,n, I ^ k have the same eigenvalues as the old ones 
Ai and the new matrix A^ has eigenvalues X^^'' + 1, A2^'' . . . , A^i^, Am'' — 1 • Moreover the 
gauge transformation Gk{z; Ai . . . , An, Ui, . . . , Un) preserves the Schlesinger equations. 



Proof. Wc give here the gauge transformation Goo{z) giving rise to the change A[°°'' 
\^^^ + 1, X^m^ ^ A^^"* — 1. So we assume that A^'^'' and A^'* are such that A^^ 7^ 
aS"=) + 1, A^r^ ^ + 2, and for all I ^ l,m, \^^^ ^ aJ^^ - 1 and A^T^ ^ aJ^^ + 1, 
and if not all entries in position ml of the matrices Ai, I — 1, . . . ,n, are zero. 

Let us fix a fundamental matrix $ normalized at infinity 



__r(°°) 



where 



A = A^, = i?i + i?2 + 

Bi = - ^ AkUk 



0, otherwise 



■aI-A.-I' 7^ -^i + 1 



arbitrary, otherwise 

{B2 - + . . , Ai = A,- + 2 

0, otherwise 



B2 = -J2^kul 



k 

(-B2+<I'li?l--Bl*l), 



Aj Xj 



arbitrary, otherwise 
Consider the following gauge transformation = {I{z) + G)^{z) where 

I{z) := Diagonal (^, 0, . . . , 0) , 



and 



Gmi — ^ImH — 



(4.46) 



Gml 

if py^l,m, Gpp^l, Gip^^i^^Gim, Gpi^^i^,, (4.47) 

if P, g 7^ 1, P 7^ Gpq = 0, 

Gil = Gi^*2^i + *in , and Gmm = 0. 
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In order to see that this gauge transformation is always well defined is enough to observe 
that (m) is never identically equal to zero if at least one of the (m, 1) matrix entries 
of the matrices Ai{u), . . . , A„(m) is different from identical zero. Indeed, this follows 
from the linear equations 

di^i = -Ai (4.48) 
di^2 = -Ai^i - UiA, (4.49) 
which are a straightforward consequence of the equation 

A, 



Z — Ui 



$00(2;; m), i = 1, 



describing the w-dependence of the fundamental matrix $00 (-2; w). 

Let us prove that this transformation maps the matrices Ai, . . . , yl„ to new matrices 
ii, ... given by 

^:=(/(wfc) + G)-iA,(/(M,) + G), 

such that 



n 

A^ = -Y,A^ = diagonal {x^^ + 1, A(°°\ . . . , A^TA, A^T^ - 1 
fc=i 



(4.50) 



In fact {l{z) + G)-! = J{z) + Q-^ where 

J{z) := Diagonal (0, . . . , 0, 2;) , 

therefore 

ifc := G-^Akl{uk) + Q-^AkG + J(ufc)Afe/(ufc) + J(Mfc)AfeG. 

Multiplying by G from the left and summing on all k we get that the condition (14.501) 
is satisfied if and only if 

/ -9. 



/12 



(00) ,(cxd) 



y (Am — A]^ 



1)^721 


l)5'ml 

(A[ ^ — A^_\)(7im-l (A[ ^ — AL ^ + l)5'lm ^ 







X^fe^fciiMyt ... 

... I + 

Efc^fc^iWfc ... 









(4.51) 



/ 9\m.^sY^kAk^^Ukgs\ ... 9lmJ2sJ2k^k„,sUk9sm \ 
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Observe that in our assumptions on the eigenvalues A^°°'' and X)^' , these formulae are 
clearly satisfied thanks to the fact that \I'2 and R^°°^ are given by formulae (14. 46 p . 

Let us prove that this gauge transformation preserves the Schlesinger equations. 



,(oo) 



Differentiating Ak w.r.t. 
Ai,...,An we get: 



u 



'J' 



with j ^ k and using the Schlesinger equations for 



dAk 
duj 



Ak, Aj 



^^_,dG ^ (liuk) + + G) 



dui 



+ 



Uk - Uj 

-1 



+ 



Ak, (/K) + G) 



dG ^ A,{I{uk)-I{u,))-Bk,A,{I{u,) + G) 



du 



where 



kj 



( 



V 










Uk 



9ml > 





/ 



Mo- 



Given the formulae (14.471) . it is straightforward to prove that the equation 

0, 



dG ^ A,{I{uk)-I{u,))-BkjA,{I{u^) + G) 



duj 



Uk-U 



is equivalent to the equations (14. 48 p . (14. 49 p . This proves that also Ai, 
the Schlesinger equations. 



An satisfy 



Analogous formulae can be derived for the transformation A^'^'' — > A^'^'' + 1, A 
Am'' — 1, for /c = 1, . . . , n. In fact, suppose Ui = and 7^ 1. We can simply apply 
the conformal transformation z = - — -. The new residue matrices are Ai = Ai for 

/ 7^ 1, 00, = — J^i^iy = Ak- We then need to diagonalize A^o and apply the 
above gauge transformation to the new system. □ 



We show that it is possible to make a finite sequence of gauge transformations 
described in Lemma 14.201 in such a way that the final Fuchsian system has exponents 
A^'^'', . . . , A^^^ at infinity and A^°°\ . . . , A^'^'' at Uk, k = 1, . . .n. 

By means of a permutation, we choose the following ordering of the parameters 

a1°°) 

K (A(r)) > 5J [Xt^) > ^ (a^)) ■ • • > 5J (aS) . 

We start with X^2°^ X'^^ + 1 and A^^"* — > A^"* — 1. We want to apply such gauge 
s = X'^^ — X^2°^ times. To do this we need to check that for all p = 0, 1, . . . , s — 1 and 
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for all / = 1, . . . , m the following conditions are satisfied: 

Xl^^-XtW2p+l,2p + 2 (4.52) 
^(oo) _ ^(oo) _^ ^ ^ yi^2, m, (4.53) 

A(^) - aJ°" V P + 1, V/^2,m. (4.54) 

To prove fICT) we observe that since ^ (xt^^ > 3?(a^°°^), 3fJ (a^T^ - A^°°^) > 
max(2p + 2) = 2s. To prove (H33|l we observe that 3? (^A[°°^ - A^°°^) is a negative num- 
ber. To prove (14.541) we observe that 3? ^A^'' — A^"""* j > s. Therefore all conditions 

(14.521) . (I4.53p . (I4.54P are satisfied and thanks to the hypothesis that the monodromy 
group of the Fuchsian equation (14.451) is irreducible (which implies that at each step 
at least one residue matrix has ml entry non-identically 0) there exists a gauge trans- 
formation G2{z) such that the new Fuchsian system has exponents X'^^ + s, A^^'' — s, 
and A^"""* for all j = 1, 3, . . . , m — 1. 

At the j-th step of this procedure the parameters are A^'^'', . . . , X^°°\ ^^j+h • • • ; ^rn-i^ 

X^m'^ = Xi^^ — ^^^—^^[{m + j — 2) (ri — 1) — 2]. We want to apply a gauge transformation 

Gj+i{z) that maps A^"^] X'j^l + l, A^^ — > A^^^-1, a number j ("--!) -1 = X^^l-X'j^l 
of times. As above we need to verify that for all p = 0, 1, . . . , j(n — 1) — 2 for all 
/ = 1, . . . , j, j + 2, . . . ,m — 1 the following conditions are satisfied: 

A(r^-A5^;^2p + 2,2p+l, (4.55) 

Xt^-X^ly^p+l, (4.56) 

AL°°^-A;°°Vp+1, (4.57) 
AM_Ai°°)^p+l, (4.58) 

The proof that these conditions are fulfilled at each step is straightforward. Again 
we can use the hypothesis that the monodromy group of the Fuchsian equation (14.451) 
is irreducible to prove that at each step at least one residue matrix has mj entry 
non-identically 0. 

Therefore we have obtained a gauge transformation Gm{z)Gm-i{z) ■ ■ ■ G2{z) such 
that the new Fuchsian system has exponents A^"^'*, . . . , A^^'* at infinity and A^,'^'*, . . . , A^,'^'' 
at Uk, k = 1, . . .n. The new fundamental matrix at infinity is 



m—l 



In order to normalize it at infinity we need to perform one last gauge transform: 

/rn-l \ 
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The final new Fuchsian system 



az z — uu 

k=i " 

has exponents A^'^'*, . . . , A^"* at oo and \ . . . , Am'' at Uk, and no apparent singu- 
larities. The matrix entries of the matrices A^, k = l,...,n, depend rationally on 
the coefficients of the polynomials fi and on qi,. . . ,qg. This concludes the proof of 
existence. Due to the ambiguity YYf=i ^j+ii^) ~^ ^YTf=i ^j+ii^) where D is any 
constant diagonal matrix with non-zero entries, we have that from the differential 
equation 14.451 we have constructed not one Fuchsian system, but a family of them, all 
related by diagonal conjugation. 

We now prove the last statement of the theorem. Let us start from another Fuchsian 
system 

— $=> ^<l> 4.59 

dz f^^Z-Uk 

with exponents A^"""*, . . . , A^"* at oo and A^'^^ . . . , Am"* at Uk, and no apparent singular- 
ities. Let us normalize its fundamental matrix ^ as usual 



— A{°°) _B>(oo) 

z z . 



Let us apply the reduction procedure described in theorem 14.141 This means that we 
construct a gauge transformation G{z) = Q~^V, 

where Y is the Wronskian matrix of the differential equations (14.451) . Now from such 
equation we constructed a Fuchsian system 

$ = > $ 

with the same exponents as fl4.59p . By the above construction, $ is also related to Y by 
a gauge, $ = G{z)Y. Therefore $ = G{z)G{z)^. This gauge transformation preserves 
the normalization at infinity by construction. All monodromy data are preserved and 
by the uniqueness lemma [231 we conclude that G{z)G{z) must be diagonal and constant 
in z. 

In particular this proves that the first row of the fundamental matrix $ satisfies 
the given m-th order Fuchsian equation. □ 
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4.4 Darboux coordinates for Schlesinger system. 

According to Corollary 14.91 the parameters g^, pi, i = 1, . . . ,g are coordinates on a 
Zariski open subset in the space of all special Fuchsian equations with given indices 
and given ui, . . . , Un- 

Due to Theorems 14.141 and 14.451 the parameters qi, Pi, i = 1, . . . , g can be used as 
coordinates on a Zariski open subset in the space of all Fuchsian systems with given 
Ui, . . . ,Un and given exponents, considered modulo diagonal conjugations. Indeed, for 
fixed Ui,...,Un, the condition (14.341) defines a Zariski open set in the space of all 
Fuchsian systems with given exponents. 

In this Section we will prove that these coordinates are canonically conjugated with 
respect to the isomonodromic symplectic structure ujk (see (13.161) ) on (I3.14p . 

Remark 4.21. In order to apply our coordinates to the description of solutions to the 
Schlesinger equations, one has to make sure that the Zariski closed subset where the 
map 

Fuchsian systems with given poles 
and given eigenvalues of Ai, . . . , An, A^o } ^ (gi, . . . , . . .,Pg) 

modulo diagonal conjugations 

becomes singular, or equivalently condition ^ ■ 34\ ) is violated, is never invariant under 
the monodromy preserving deformation^ This can be proved under the following two 
assumptions: 

i) If Aoo has a resonance of order one then the corresponding logarithmic correction Ri 
is not zero (see l{2.9\) ). 

a) For at least one j , the entries of the j-th row of the matrices Ai, . . . , An satisfy the 
following condition 

for every i ^ j there exists k such that A^ji ^ 0. (4.60) 

Under these assumptions, by performing a small monodromy preserving deformation, 
condition ^ ■ 34\ ) is satisfied. 

In fact suppose by contradiction that ^JLi '^(^( ^(m) = for some i,j. A simple 
differentiation using the Schlesinger equations gives 

^ E = - (l + - >^t') A,,. = 0. (4.61) 

Now if 1 + X^°°^ — X\°°^ = then A^o has a resonance of order one and since Ri^. = 
J2?=i'^iAiji must be zero, assumption i) is contradicted. Therefore A^ji = 0, but this 
contradicts assumption ii). 



^In the theory of iso-spectral deformations an analogous problem arises. In this case one needs to 
check that the dynamics on the Jacobian of the spectral curve is never tangent to the Theta-divisor. 
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Clearly the two assumptions are satisfied in a large Zariski open set in the space of 
solutions of the Schlesinger equations. 



Let us rewrite the equation f l4.45p in the matrix form 

d 



dz 



where 



/ y \ 

y' 



with di(z 



B{z) 



/ 1 



... 

V do di 



(4.62) 




1 






1 



\ 


dm-i / 



(4.63) 



^(^) = nLi(^ - ^(^) = Wi=ii.z - Qi) and deg//(2;) 



A(z)_R{^)™-" 

{n — l)(m — /) +g. Recall that the system (14.631) is obtained from the original Fuchsian 
system by a gauge transformation. 

Lemma 4.22. // the apparent singularities qi, i = 1, . . . , g in the equation lji4-45\ ) are 

distinct, for each i = 1, . . . , g, the matrix B{z) has one and only one eigenvalue Pi{z) 
with a simple pole at q^. For each i = 1, . . . , g , we define 



Pi 



Res, 



_ P»(z) 
^z—qi z—qi ' 

Res z=q^Pi{z), for qi = Uk, 



for qi^Uk,yk = l, 



Then 



Pi = T — A,/ N tm-Mi) . . = Res 



/^_i(g,) A'(g,) 



A'(g. 



1 

— ( 
2 



dm-2{z) + -dm-l{zf 



(4.64) 



where for I = 0, 



,m — 1 



J^jyl-i , for gi 7^ Mfc, VA; = 1, . . . ,n, 
-j^^, for q^ = u,. 



Observe that as an immediate consequence of the second part of the equation (I4.64p , 
one obtains that the momenta Pi coincide with those defined in (14. lip . 

Proof. The characteristic equation of B is 



m—l 



A{z)p{zr = 



1=0 



R{z 



\m—l 



p{zy. 



Let us define p{z) = R{z)p{z). Since the polynomials fi{z) are regular at 2 = g,, there 
is only one eigenvalue Pi{z) that has a pole at q^. If qi 7^ Uk for all k = 1, . . . ,n, this 
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pole is simple. Let us expand pi at z = qi and compare the left and right hand sides of 
the characteristic equation. We obtain 

_ /m-lfe) I fm-2{qi) _|_ f'm-lili) _ e , \ A" (qj) , (n ( ^ _ „ \ 



/m-l(gi) A'(<Ji) 

Pi + 0{z - qi), where fi 



fi 



Therefore 

qi 7^ Mfc for all = 1, . . . , n. Analogously if 

then pi{z) has a double pole at qi and Pi(^) A'(g,)(^-g,)2 ' {z-q,) 
obtain fl4.64p as we wanted to prove. The second part of formula fl4.64p is immediately 
obtained from the formula fl4.13p for ai{z) = dm-i{z). □ 



/m-l(gi) 



. This proves (14.640 for 
Uk for one value of A; = 0, ... , oo, 
+ , ^' + OiV) and again we 



Definition 4.23. We call the set (gi, 
of the Schlesinger equations. 



, qg,Pi, . . . ,Pg) the isomonodromic coordinates 



Theorem 4.24. On a generic reduced symplectic leafOi x ■ ■ ■ x On/Diag the quantities 
{qi, . . . ,qg,pi, . . . ,Pg) are canonical coordinates. The Schlesinger equations in these 
coordinates are written in the canonical form 

dqi dUk 



duk 
dpi 



dpi 
dHk 



duk dqi 

where the Hamiltonians in canonical coordinates are given by the formula 



Hk = -Res^=„, ( d^_2{.z) + -dm-i{z) 



(4.65) 



where dm~2{z) and dm-i{z) are defined in Theorem \4.14\ 
Corollary 4.25. The Hamiltonians ^4-65 ) are given by 



s=l 



Ps 

Uk - Qs 



n(oo) n-2 



- E 



1 



Uk - qs 



Uk - Ui 



n-3[Uk) 



R'iuk) 



m (m~l) 
2 



Uk - Ui 



EM- 



(i) m (m - 1) 



where the coefficients of the polynomial Pnslz) are rational functions of pi, . . . ,pg, 
qi, . . . ,qg uniquely determined by lj^4-23\ ). 

Example 4.26. In the 2x2 case the polynomial A(z) coincides with the (1, 2)-matrix 
entry of A{z) = ^Ifc ^k/ (z - Uk), 

A{z) = R{z)Auiz). 

So the isomonodromic coordinates qi coincide with the spectral coordinates (see be- 
low). Our pi, . . . ,pg are slightly different from the usual momenta pi, . . . ,pg defined for 
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Garnier systems (see [28] )• In fact in our case we imposed the trace of all matrices Ak 
to be zero, while in [28], the determinant is zero. The relation between our coordinates 
and is given by 

Pi = -Pi + + f^r—^ 7^ — = 

Keeping track of this time- dependent canonical transformation, it is not difficult to 
verify that our Hamiltonian functions fl4.65p coincide with the one given in 



Proof of the Theorem. Since the system f l4.63p is gauge equivalent to the original 
Fuchsian system (11.21) . it suffices to perform all computations with (14.631) . First of 
all formula (14.651) is obtained by straightforward computation applying formula (13.171) 
to the matrix (14.631) . We want to show that qi, pi are canonical coordinates on the 
reduced symplectic leaf (13.141) and that in those coordinates the Hamiltonian is indeed 
(14.651) . To this aim observe that we can always put equations of the form (I4.45P in the 
matrix form (14.620 . (I4.63p . The apparent singularities are poles of the eigenvectors of 
the matrix B{z). 

In this way the proof reduces to proving the following 

Lemma 4.27. Ifqi ^ Ui, . . . , m„, oo for alii = 1, . . . ,g, the symplectic structure Ii3.16\) 
on the space of monodromy data of the linear system of ODEs of the form ^.6^ , ( [^.ggp 
is 



ujk = ^dpi a dqi. 



1=1 

Proof. Due to gauge invariance of the form uk we have to compute 

1 " 1 ^ 

UJK = -^Y1 Res,=„.Tr(5i3 A 5^ - - ^ Res,=,Tr(<5i3 A 6^ ^-'). 

k=l i=l 

Observe that SBu is zero for alH 7^ m and SBmi = 5di_i so that ujk depends only on 
the m-th column of the matrix i.e. 

^K= -\ ELi Res,=., ES=o '^^^-i A 8^1, - 

Let us deal with the apparent singularities first. We have to compute the expansion 
of B{z) and "^{z) at qi. 

Choose m linear independent solutions yi, . . . ,ym having expansions at z = qi of the 
form described in Lemma H75] where the constants ai are determined by the differential 
equation (14.620 and are 

al'l-^ = -Res^=g Ai{z), / = 0, . . . , m - 2 

= Res,=,. f2^II^ + d^_,{z)] . (4.66) 
\ z qi J 
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Comparing these with (14.641) we have Pi = ^"m-i ^ Res2=g- ( '^"''^^^ + dm-2{.z)\. 

Observe that the fundamental matrix \1/ of the scalar equation (14.451) has matrix 
elements given by 

We can show that in the computation of the residue in (13.161) at g^, one can neglect 
0{z — Qi)"^ in Hi, . . . ,ym and in the coefficient dm-i and in do, • • • , dm-2- This 

follows by straightforward computations based on a list of observations: 

1. (^-i)^,„ = 0{z - q,r~^ for J = 1, . . . , m - 1 and {^-')^^ 0{z - q,)-\ 

2. From (glU) and fOHD we have that 

(i) (i) n v^m X (fc) _ m{m-l) 

3. For / = 1, . . . , m — 1, 

= - ^ + 0(1), 

[z - QiY [z - qi) 

and 

4. For 1 < j < m — 1 and I < j — I: 

(J-/-1)! (m-/)! 

cx^^^ Sq' 

' <z- Qi^-^-^ + SqiO{z - qi)"'-^+^ + 0{z - g,)'"-'+2, 



{m-l- 1)! 
for 1 < j < m — 1 and I > j: 



(m — /)! (m — / — 1)! 

and for j = m 

- g,)-'-i + - q,r-^+' + 0{z - g.) 



{m-l- 1)! 
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From 1) and 3) we immediately see that only the terms with j = m—l,m can contribute 
to the residue. From 1), 2), 3) and 4) we have 

9 

i=l I 
i=l 

and 

9 

^ Res.=,. 8d,-i A (^-^)_ = 
1=1 I 

9 
i=l 

= -5a^^ A 5gi + ^^a^U A 
thus we obtain 

i=l l,j 1=1 i=l 



Let us now show that 

Res,=„, A 6^ij (^"^)^.^ = 0, Vfc = 1, . . . ,n. 

Let us expand at u^- We have = + (^(^ — UkY""^ where q_i are 

uniquely determined by the indicial equation, thus by the exponents. As a consequence 
5di_i = 0{z — UkY^"^. Analogously to estimate "^ij = -j^r^, we can again normalize 

the solutions i/j at Uk is such a way that yj = {z — Uk) ^ +0{z — Uk) ^ so that 5yj = 
Oiz-Uk)'^''-\ Thus Sdi_,AS^i, = Now (^-i).^ = 0{z -Ukr''^"' 

so that near Uk we have ^^^^'iz-i A S'^ij = and the pole Uk does not 

contribute to the residue. □ 



The above lemma proves that g^, pi are canonical coordinates on the reduced sym- 
plectic leaf (13.141) . We now want to prove that in those coordinates the Hamiltonians 
are indeed given by formula (14.651) . To this aim we need to extend the phase space. 

Let us consider the space of all matrices B of the form (I4.63P with coefficients 
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do, • • • , dm-i, 

dm~l{z) 

du(z) = 



9 , " 1 



s=l 
9 



z -q, 

k+l 



Z - Ui 



citRiq, 



i=l 



(i) m(m-l) 



ym—k- 



s=l 



A; = m - 2. 



i=l 



m— A: 
Z - Ui' 



m~k~l 



+ 



Riz[ 



\m—k~l ' 



We remind that this means that the equation fl4.45p has n + 1 Fuchsian poles at 
Ml, ... , Un, oo with indices A^*'^ . . . , Am^ for k = 1, . . . , n, oo given by equations fl4.14l) 
and (14.151) and it has simple poles at the points qi, . . . ,qg. 

Near each simple pole g^, the matrix B can be expanded as 



B 



B 



is) 



where 



/ 



B 








z~qs 



\ 



+ o{z - q,) 



is) 



-C. 



rn—1 



B\ 



/ 






1 / 



1 







1 







1 



\ 





where S[^\ . . . , 6m are given in equations (14. lip . If we do not impose equations (I4.17p . 
that is if we do not assume the singularities gi, . . . , to be apparent, there exists a 
fundamental solution of the form 



(4.67) 



where G^'\z) = G^"^ + G["\z - g,) + 0{z - q^f, A = diagonal(0, . . . , 0, 1), is an 
off-diagonal matrix with all entries equal to zero, apart from the last row. The matrices 
i?*^*-*, G^^ and G[^'* are determined by the following equations: 

= G^A, fi^Gj^) + B['^Gi'^ = g['^ + Gi'^R^''^ + g['^A. 

This fact is a simple consequence of the gauge formula applied to the gauge = 
G(")(2)^ that maps ;B to ^ + R'^'\ 

Observe that the m—1 equations (I4.17P imposing that the simple pole qs is apparent, 
coincide with the m — 1 equations R^'^^ = 0. 

We consider now the symplectic structure on the extended space of isomonodromic 
deformations of systems of the form (14.620 . (I4.63p where the entries of the matrices 
, g are not necessarily null. 
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The following lemma concludes the proof of Theorem I4.24| by proving that the 
Hamiltonians in the isomonodromic coordinates are indeed given by (14.651) . 

Lemma 4.28. On the extended space S x X„, where S are the symplectic leaves and 
Xn = C" \ {diagonals} is the configuration space of n points, the symplectic structure 
^3.16\) becomes 

g n 

Uk = ^ dpi A dgi - ^ dHk A duk- 

1=1 k=l 

Proof. There are two main differences with the previous proof. The first one is that 
now we have to take into account the variations 6uk, k = 1, . . . ,n, the second one is 
that now the entries of the matrices R^^^ are not necessarily zero. Let first look at the 
term 6"^ A ^'"^ near the point q^. Using formula fl4.67p we obtain 

^ Qs 

because all resonances are of order one and {z — qs)^R'''^\z — qs)~^ = R^^\ 

Therefore, when computing the residue at of Tt{6B A 6"^ we just need to 

add the contribution of the term -Tr (^6B A G{z)^'^^^ {G{z)^'^)~^^ 6qs to dp, A dg,. 

We are now going to prove that this extra contribution is zero. 
In fact 

G{z)-^ {GizY^y = ^° ^ \Gi'^R^'\Gi'Y\G['\Gl^y]+Oiz-q,). 

z qg z qg I J 

Only the last column contributes to the trace. It is not difficult to see that the last 
column of G^'^ R'^'^ G^'^ is zero and that the only non-zero element of the last column 

of \G''o^R^'\Gi"'>)~\G['\Gi"Y^] is the last one. Since 6dm = ^ + the residue 

is zero. 

Let us now show that 

Res^=«, J2 M-i A 6^ij (^"^) = 26nk A 6uk, V A; = 1, . . . , n. 

The contribution of the matrices i?'-'*^ does not play any role here because we are 
expanding at Uk- On the other side, this time we need to take into account the variations 

6ui, . . . ,6Un. 

Let us expand di-i at Uk- We have 

n{k) r7i{m— 1) 

dm-1 = ~ ^ + Dlil, + 0{z - Uk) (4.68) 

Z -Uk 

(_-[\m-la(k) 7-)(fc) 
[Z — Uk) [Z — Uk) 
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where (cfr. (14. 13p with di-i{z) = am-i+i{z)) 



(fc) ^ 1 1 



Uk- Qs ^ Uk-Ui 
s=l i^k 



.i=i 



m (m — 1) 



+Pi 



(m-l+l){n-l)-n-l 



-/ I ;o{oo) (n-l){m-«+l)-n 

7, / = 0,...,m-2. 



+ 



We need to introduce some notation: 

[A]o := 1, [A]i := A, [A]„ := A(A - 1) . . . (A - n + 1), Vn = 2, 3, 
The indicial equations (I4.14p read 



m—1 



[X'-'^m-, + ^-^r~'€U+i (4-69) 



1=1 



To start with, we perform our computation in the case when the exponents A^'^'* . . . , Am'* 
of the pole are non-resonant. Thank to (14.31) . there exists a basis of solutions 
yi,...,ym of the form 



yi{z) = {z- Ufc)^» \l + r]f\z - Uk) + 0{z - Ukf), i = l,...,m. 
Therefore we have 



^ = [Af)]._,(.-n,)^^^-'-'+[Af)+l],_,,f (z-n,)^^-'--^ ' -^^^'^^^ 



where the constants r][''\ . . . , rim' are determined by the following equations 



m{m — 1) 



m—1 



m—1 



i-i- 



(4.70) 



1=1 



1=1 



As above, only the last column of the inverse matrix ^ enters in the computation of 
the symplectic structure u 



(Z - Uk) 



m—1— A 



(fe) 



u,d^' - Af ^; 



+ 0{z-Uk) 



m— A. 



(fc) 
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Proceeding in a similar way as in the first part of this proof, we arrive at the formula 



m— 1 



i=i lljj^iW ~ -^j ) (. 1=1 

(fc) m(m - 1)^ .,(fc) , . (fc) 



+ ( /?r^ - " ^ " ) [Ar^ + '^r/r^ a + (4.7i) 



' m— 1 



Now using the indicial equation f l4.69p . we get 

- !^^^^) [x<t> + + |:(-i)"-(m - ; + i),e,«iA"=' + 1].- 

^ ^ 1=1 



(Af ^ - m + 1) {[A^'^) + 1]^ - U'^ - a^^a^) [aW + (4.72) 



m— 1 



E(-ir"'/^™-m[A^'=^ + i].-i • 



Observe that the right-hand-side of equation fl4.72p is {Xf'^ —m + 1) times the coefficient 
of ril''^ in fl4.7Up . Using this in equation (14.71 p . we get 

m ^ 

Res_, Yl ^di-i A (vl;-!)^^ = ^ ^ {2[Af 50^1, A 5...+ 

«,i j=l iij^A-^i ) 

m-1 "I 

+ 5^[Af ^],_i(2Af ) + 2 - m - /) A L (4.73) 

1=1 J 

To conclude we observe that 

^ 2Xi-m + 2~l ^ 2A-m-Z + 2_ 

lf' '''n,..(Af'-Af) ^ If n^.(A-A,) ^ 

2A-m-/ + 2 _/ 0, for / = 0, l,...,m-3, 
- resA=oo[AJi - I 2, for / = m - 2. 

Analogously 



Using these in (14.731) . we get finally 



^ n,..(Af' - Af) 



l,i 

2 (^LfiJ^ls A = 2 dT^fc A dufc 
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as we wanted to prove. 

To conclude, we observe that if some of the exponents A^'^'' . . . , Am'' of the pole Uk 
are resonant, then by Theorem 2.1 there exists a fundamental solution 



where G'^'^^z) = Xl^o^i ~ ^k), and -R'^'^^ = S j a finite sum of off-diagonal 
matrices such that 



[Z - Uk 



Z - Uk 



R'o> +Rr{z-Uk) + .... 



By applying enough iterates of Lemma 4.20 we can increase the order of the resonances 
arbitrarily, i.e. we can always assume that 



z-Ukf''R^'\z- 



Uk 



R(J^)(z-UkY + Ri'Uz-Ukr^' + ... 



with p large enough. Then the extra term in 5\E'\E' ^ due to i?*^^-* is given by 

-G^'\z){Rl'\z - Ukf-' + 0{z - UkY) 6uk 
which does not contribute to the residue. 



□ 



4.5 An example. 

As we already know, for m = 2 the isomonodromic coordinates coincide with the 
spectral ones. Starting from m = 3 they are different. 

In this subsection we give an explicit parametrization of special Fuchsian equations 
(14.261) in the first non-trivial case m = 3 and n = 3, in terms of our isomonodromic coor- 
dinates qi, . . . ,qg,pi, . . . ,Pg and compute the Hamiltonians of the Schlesinger equations 
in the canonical coordinates. Note that (7 = 4 for m = 3 and n = 3. 

Starting from a Fuchsian system 

^1 , ^ , As 



Z — Ui 



Z 



U2 



Z 



Us 



where Ai are 3x3 matrices with the eigenvalues A^*"*, Ao'', aI*"*, i 



2 , , ^ - 1, 2, 3 satisfying 

(oo) ,(oo) ^(oo)^ 



-{A, + A2 + A,) = A^ = diag(Ar , A^, 

we arrive at a third order Fuchisan equation with eight regular singularities with the 
following Riemann scheme: 



oo 


Ui 


U2 


Us 


Qi 


?2 


13 


94 


^(oo) 






Af) 














Af ^ + 1 


A<" 


Af 


Af 


1 


1 


1 


1 


Af ^ + 1 




Af 


Af 


3 


3 


3 


3 
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satisfying the additional constraint of absence of logarithmic terms at the points gi, 
. . . , q^. From the previous considerations it follows that the Fuchsian equation must 
have the form 



4 3 



s=l 



z-q. 



+ 



+ 



4 1^) 



^ z-qs ^ 

S = l J=l 

4 »d2 



i=l 

3 . 



Z - Ui 



y" + 



(4.74) 



Z - Ui 



R{z) 



2; - Mi 



s=l ^° j=l 

Let us spell out the notations. The polynomial R{z) is given by 

R{z) = {z- ui){z - U2){Z - M3). 
The coefficients /?^*\ /^l"^'* are given by the following formulae 

jSf = A«A?) + Af^A? + A^^^aJ) - 5, = z = 1, 2, 3 



R^iz)' 



(4.75) 



^(00) ^ ^^(oo)p ^ ^^(oo)p ^ ^^(oo)p _ 2^(00) _ 5^ ^(00) 



.3 --AS°°)(A(°°) + l)(Ar + l). 
In this example we assume all the matrices Ai to be traceless: 

trAi = 0, i = l,2, 3. (4.76) 

We also put 



Aoo) 



4 



^i?-(g.) l A"(g,) 
i?(g,) + 2 A'(g,) 
as in equation (14.111) . We introduce the following quantities 

pf^=Ps + k^M^ A; = 0,l,2,3, s = 1, 



and 



2 A'(g,) 

where, as above the monic polynomial A(z) is defined by 

A{z) = {z - qi) . . . {z - ^4) = z^ - aiz^ + (12^^ - (J32; + (J4. 



(4.77) 



(4.78) 



(4.79) 



Here ai, . . . , (T4 are just the elementary symmetric functions of gi, . . . , q^. In these 



notations, C2 



The coefficients h, a, 6, c and Ci'^ = a[^\ s = 1, . . . , 4 are to be expressed in terms 
of the canonical coordinates qi, . . . , q^, pi, . . . , P4 and Ui, U2, U3 from the assumption 
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of absence of logarithmic terms at the apparent singularities. This assumption yields a 
linear 8x8 system for the above unknowns. Eliminating the unknowns c^*'' one arrives 
at the following system: 

aql + hqs + c + h-^Mst{p^^\q)R{qt)=Ws, s = l,...,4 (4.80) 



where the 4x4 matrix M(p, q) = {Mst{p, q)) is defined by 

Ps, t = s 



and 



Mst{p,q) 



t^s 



W 



, = Y.M,,{p^^\q)R{q,)M,,{p^'\q)R[qrW 

t,r 



(4.81) 



and 



Denote 



/2W 



i=l 



Z - Ui 



D = Dip,q,u) = j:pf^§^^ 
the determinant of the linear system (14.801) . Then 



E 



s=l 



D 



-5:sign(.,j,A:,/)pNi?(g,)-^ + ^^ 



(4.82) 



^ D 



W{q) 



^'\qs) 



^(^Ti -^2 -dig. 
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D 



s=l 



Qk - qi 

W{q) 



RiQs) 2 



(3gf - 2(Ti + 2^2) 



where 



D ^ A'(g,) 



(4.83) 
(4.84) 



i<j 



sign(s, j, k, I) is the sign of the permutation 



12 3 4 
s j k I 

Using fl4.65p one obtains the following expression for the Hamiltonians of Schlesinger 
equations 5'(3^3) 



Hi 



1 



R'(ui) 



n[3] 



o{3) 



Ui — Qs '—f Ui — Uj 

s=l * * J 



+ 3 



A'(u.;) 9 R"(u,) 



2^' R'{u,) A{ui) 2 R'{ui) ' 



i = 1, 2, 3 



(4.85) 



where the rational function h = h{p,q,u) was defined in fl4.83p . Clearly of these three 
Hamiltonians only one is independent: the solutions depend only on the combination 

{U3-Ui)/{U2 - Ml). 



5 Comparison of spectral and isomonodromic co- 
ordinates 

5.1 Spectral coordinates. 

We recall the construction of the algebro-geometric Darboux coordinates on the generic 
reduced symplectic leaves f l3.14p following the scheme of [58l [1], [131 ISO] . We call these 
algebro-geometric Darboux coordinates spectral coordinates. 

The spectral coordinates are defined as follows. Let us assume that all the matrices 
Ai have pairwise distinct nonzero eigenvalues A[*\ Am, and that the diagonal 
matrix 

A^ := -(Ai + ... + An)= diag (aS°°\ ...,Xl^^) 
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has distinct nonzero diagonal entries. Consider the characteristic polynomial of the 
matrix A(z) of the form 

" A- 



Z — Ui 
i=l * 

with constant matrices Ai, . . . , An satisfying the following properties. Denote 

n(z, w) = det(w - A{z)) = w"" + ai(z)w'^'''^ H h a^iz) 

the characteristic polynomial of the matrix A{z). Denote by 

m(m— 1) 



n(- 



Ui 



.1=1 



Y[{wi{z) - Wj{z)) 



(5.2) 



(5.3) 



the discriminant of the polynomial R{z,w). In this formula Wi{z),. . . ,Wfn{z) are roots 
of the equation R{z, w) = 0. The resulting expression is a polynomial in the coefficients 
0:1(2;), . . . , am{z). Under the assumption that the matrix A^o has simple spectrum the 
degree of the discriminant is equal to 



N — m{m — l)(n — 1). 



(5.4) 



Assumption 1. The N roots of the discriminant are simple and pairwise distinct. 
Also we require that 

D{ui)^Q, i = l,...,n. (5.5) 

Due to this assumption the spectral curve 

n{z,w)^0 (5.6) 

of the matrix A{z) is smooth outside the lines z = Ui, . . . , z = Un, z = 00. These lines 
intersect the spectral curve in singular points of multiplicity m. 

Let us introduce the row vectors bo, bi{z), b2{z), . . .by 

60 = (1, 0, . . . , 0), bk{z) = boA'-\z), k>Q. (5.7) 
Denote B{z) the m x m matrix with the rows bo, bi{z), . . . , bni-i{z) 



B{z) 



( bo \ 
bi{z) 



\bm-l{z)) 



(5.8) 



Put 



Ao(^) 



.1=1 



mi^m—V) 
2 



dci B{z). 



(5.9) 
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Assumption 2. All the roots 71, . . . , 7^ of the polynomial Ao(-2) are pairwise 
distinct and the degree of Ao{z) is equal to the maximal value 

g = deg Ao(-2) = -m {mn — m — n — 1) + 1. (5.10) 

We also assume that the roots 71, . . . , 7^ do not coincide with the poles z = Ui 
of the Fuchsian system neither with the zeroes of the discriminant D{z). Under this 
assumption there exists, for any i = 1, . . . , g, a unique, up to normalization, eigenvector 
-0* of the matrix B{'^i) with zero eigenvalue. The first component of the eigenvector 
vanishes. It is also an eigenvector of the matrix v4(7j) with some eigenvalue /ij, 

5(7.)^^ = 0, A(7.)^^ = ^1 = 0, i = i.....g. 

Observe that the genus of the Riemann surface (15.61) is equal to g. The spectral curve 
(15. 6p together with the divisor 

9 

P = 5^(7„/i,) (5.11) 

i=l 

determines the matrix A{z) uniquely up to a conjugation by a constant diagonal matrix. 
Moreover, the matrices A{z) satisfying the above assumptions form a Zariski open 
subset in the space of all matrices of the form (15. ip . All these facts are rather standard 
for the theory of algebraically completely integrable systems. We give a sketch of proofs 
of these statements in the Appendix. 

Definition 5.1. We call the set (71, . . . , 7^, /ii, . . . , /i^,) the spectral coordinates on 

dsn 

Example 5.2. For the m = 3 case the polynomial A(z) determining the isomon- 
odromic coordinates reads 

A(z) = R{z) {A22 - A33) - ^^2^23 + ^^3^32 - A^2A'n + ^'12^13] 

where, as usual R{z) = Ylii^ ~ A^ = Aij[z) are the entries of the 3x3 matrix 

A{z) = Yli^i/i^ ~ '^i)- The positions of the spectral coordinates are determined by 
the polynomial 

Ao(2;) = R{Z) [v4i2Ai3 {A22 - A33) - ^22^23 + ^^3^32] ■ 

We see that, unlike the case m = 2 (see above Example 14.261) starting from m = 3 the 
spectral and isomonodromic coordinates do not coincide. 

5.2 Spectral coordinates versus isomonodromic coordinates 

In this subsection we prove that in certain semi-classical limit the isomonodromic coor- 
dinates qi, . . . , Qg, Pi, ■ ■ ■ , Pg converge to the algebro-geometric Darboux coordinates. 
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Let us consider the following family of Fuclisian systems depending on a small 
parameter e 

e^ = A(z)$, ^ = {U^),...Am{z)Y- (5.12) 
dz 

Theorem 5.3. Under the assumptions of the Theorem \4.14\ the apparent singularities 
of the scalar reduction of the Fuchsian system admit the following expansion 

qk=7k + 0{e), e^O, k = l,...,g. (5.13) 
Moreover, the scalar reduction can be written in the following form 

^rUyM ^ + . . . + ^^(^^ = (5.14) 

where the functions ai{z,e), . . . , am{z,e) are analytic in {z,e) for z ^ Ui, z ^ 'jj, 
|e| << 1 and 

ak{z,e) = ak{z) - ePk{z) + Oi^e^), k = l,...,m (5.15) 

where 

Pkiz) = -4- h'-' + «i(7,)/i-"' + ■ ■ ■ + «fc-i(7,)] + 0(1), z ^ 7r (5.16) 

z 7j 

In particular, the parameters pj defined in ^ ■ 64\ ) have the following expansion 

p,- = e-^[/i, + ai(7,)] + 0(l), e^O, j = l,...,g. (5.17) 

Here 7^, fik are the spectral coordinates of the matrix A{z). 

Lemma 5.4. The following formula holds true for any k > 

eV'^ = Mz)+eh{z)+0{e^)]^ (5.18) 

where the row vectors hk{z) were defined in ( (5. ?| j and the row vectors hk{z) are defined 
by the following recursive procedure 

bo = 0, h+iiz) = hiz)A{z) + b'.iz), k>0. (5.19) 

Here and below it will be understood that the product of the row vector by the 
column vector is a scalar. 

Proof. For k = fl5.18l) is obvious. Since the first row of A{z) is bi{z), the first 
equation of the Fuchsian system can be recast into the form 

ey' = bi{z)^. 

This proves fl5.18p for k = 1. Let us now assume (15.181) for k and prove it for k + 1. 
Differentiating both sides of fl5.18p in z and multiplying by e yields 

^k+iy(k+i) ^ ^[^/^(^) ^ ^^/^(^) ^ 0(^2)] ^ [^^(^) +eh{z) + 0(e2)] A{z)^z) = 
= [6,+i(^) + e ihiz)Aiz) + b',{z)) + 0{e')] ^z). 

The proof of the Lemma is completed by induction. □ 
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Corollary 5.5. Define m x m matrix valued function B{z) with the rows bQ{z), bi{z), 
■ ■ ■ , bm-iiz). Then the scalar reduction of the Fuchsian system reads 



e-y('") = [bm{z) + ebUz) + Oie')] Biz) + eBiz) + 0{e') y (5.20) 



-1 



where 



Proof. From (15.181) we obtain 



(5.21) 



/ y \ 

ey' 



(B + eB + Oie^))^. 



This proves (I5.2UI) . 



□ 



From the Corollary it readily follows the claim of the Theorem about expansions 
(15.131) of the apparent singularities. It also follows analyticity of the coefficients 

{am{z, e), a^_i{z, e), . . . , ai{z, e)) = 

= [b^z) + ebmiz) + 0(e2)] \^B{z) + eB{z) + ©(e^)] = (5.22) 
= bUz)B-^iz) + e [bmiz)B-^{z) - bmiz)B-\z)B{z) B-\z)^ + 0(6^) 

for small e and for z away from the poles z = Ui and z = 'jj. 
Let us now simplify the r.h.s. of the formula (15. 22^ . 

Lemma 5.6. The leading term in the r.h.s. of Ii5. 22\) reads 

bm{z) B'^{z) = -{am{z), am-i{z), ai{z)). (5.23) 

Proof. Using Cayley - Hamilton theorem we obtain 

bm{z)B-\z) =boA"^{z)B-\z) = 

= -bo (aUz) + am-i{z)A{z) + ■■■ + a,iz)A"'-\z)) B-\z) = 

= - [am{z)bo + am^i{z)bi{z) H h ai{z)bm-i{z)] B-^{z) = 

= -{am{z), am-i{z), ai{z)). 

In the last line we use the definition of the inverse matrix B''^{z). The lemma is proved. 
□ 



We will now simplify the linear in e term. We need the following simple 
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Lemma 5.7. Let us introduce matrix T{z) by 



( 



Tiz) 








1 






1 












(5.24) 



-ai{z) j 



Then 



T{z)B{z) = B{z)A{z). 
Proof. Use the definition of tlie matrix B{z) and Cayley - Hamilton tlieorem. 
Lemma 5.8. The following identity holds true 

b^.(z)B-Hz) - hm{z)B~Hz)B{z)B-Hz) 



(5.25) 
□ 



Y,ekB\z)B-\z) [T^-\z) + a^{z)T 



•m—k—l , 



k=l 



Here Ci, . . . , Cm are row vectors of the standard basis in 



z) + ■ ■ ■ + a^n-kiz)] . (5.26) 



(efc)i — Sik- 



Proof. Using arguments of Lemma l5.6l we replace bm{z)B ^(2) by —{am{z), . . . , 0:1(2;)). 
Next, using induction we derive the following formula for the row vectors (15.191) 

bk{z) = e2B\z)A''-\z) + e3S'(z)A'=-3(^) + . . . + ekB\z), k > 2. 
Using identity (I5.25P the last formula can be recast into the form 

hiz) = [e2B'{z)B-\z)T^-\z) + e^B'{z)B-\z)T''-\z) 

+ --- + ekB'{z)B'\z)\B{z), k>2. 

This implies the formula (I5.26P with the summation in the r.h.s. starting from k = 2. 
Since the first row of the matrix B'{z) identically vanishes, adding the term with k = 1 
does not change the sum. □ 

We now want to compute the Laurent expansion of the coefficients of the scalar 
reduction (15.141) at the points z = ■jj = qj + 0(e). Let 7 be one of the zeroes of 
Ao(-2), /i the eigenvalue of the matrix ^(7) such that the corresponding eigenvector 

^ = (^1, ^"2, • • • ,^m)'^ 



satisfies 



^(7)^ = f^ip 



According to our assumptions the eigenvector is defined uniquely up to a scalar factor. 
As we know, ip is also an eigenvector of the matrix -8(7) with zero eigenvalue, 

5(7)^ = 0. 
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Moreover, there exists an analytic function X{z) defined for \z — 7I << 1 being an 
eigenvalue of B{z) s.t. X{z) has a simple zero at 2; = 7, and X{z) does not coincide 
with other eigenvalues of B{z). Denote ipi^) = (V'll-^), • • • , V'm(^))"^ the analytic vector 
valued function s.t. 

B{z)i;{z) = \iz)i;{z), I2; - 7I « 1, 
A(7) = 0, V'(7)=^- 
We also introduce left eigenvector ip*{z) = {ipKz), . . . , ip^{z)), 

iIj*{z)B{z) = X{z)'^*{z), |2-7|«1. (5.27) 

Denote 

Lemma 5.9. ip* is a left eigenvector ofT{'-)) with the eigenvalue fi, 

rn^) = i^r- (5.28) 

In particular, it can he chosen in the form 

rt = /^""' + ai(7)/^"^"'"' + • ■ ■ + am-fc(7), ^ = 1, . . . ,m. (5.29) 

Proof. From (15.271) for 2; = 7 it follows 

i)*B{-i) = 0. (5.30) 

Let us prove that ip*T{'y) is again a left eigenvector of -8(7) with zero eigenvalue. 
Indeed, using ( 15.251) we obtain 

rni)Bii) = rBii)A{^) = o. 

The eigenvector of T(7) with the eigenvalue /i can be written in the form (I5.29p . 
Let us prove that this eigenvector satisfies (I5.30p . 

According to our assumptions all the eigenvalues of the matrix ^(7) are pairwise 
distinct. Of course, they coincide with the eigenvalues of the matrix T{'j). Therefore 
it suffices to prove that 

^P*B{j)tP' = 

for an arbitrary eigenvector ip' of the matrix ^(7), 

A{j)i;' = /iy. 

Indeed, from (I5.29P we obtain 
where 

D/ f \ n{z,w) -n{z,w') 



w — w' 
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for 7^ // and 



dw 



|2=7, W=fl- 



It is clear that R{fi, fi' ,'-/) = for fi' ^ fi. So ilj*B{'-^)ip' = 0. For fi' = ^ we have 
R{lJ,,IJ,,j) 7^ (since 7 is not a zero of the discriminant D{z)) but feoV' = since 
-01 — 0. The Lemma is proved. □ 

We will now compute the leading term of the Laurent expansion of the logarithmic 
derivative B'{z)B~^{z) at 2; — > 7. 

Lemma 5.10. For 2; — > 7 



B'{z)B-\z) = ^Ell^^ + Oil). (5.31) 

Proof. Let 

^ ' i)*{z)i){z) ^ ' 

be the projector of C™ onto the direction of the eigenvector '^^{z) parallel to the (m — 1)- 
dimensional subspace spanned by other eigenvectors. Denote 112(2;) = id — 111(2;) the 
complementary projector and put 

B^{z) ■^B{z)^^{z). 

We have 

s(z) = A(^)ni(^) + B2(^). 

All these matrix valued functions are analytic for z sufficiently close to 7 and since 
B{z) has a unique zero eigenvalue, 

rank(S2(7)) = m - 1, 

and the image of Bi{z) is transverse to that of IIi. So 

B\z)B-^{z) = (log A(^))'ni(^) + A~^(z)S^(z)ni(z) + regular terms. 

Since B2{z)Yl\{z) = 0, we obtain 

B,{z)M^) = -B,{z)ii,{z) = — + ■ ■ ■ 

_ B{z)ij'{z)®^*{z) ^ 



il)*{z)il){z) 

In the last equation dots denote terms analytic at 2; = 7. We obtain 

"'0(g)'0* 1 S(7)V''(7) 



B'{z)B-\z) = ^— 
2; — 7 
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+ 0(1). 



Using the well-known formula of the "perturbation theory'' 



A'(7) 



(observe that the formula implies ip* B' {'-))ip ^ 0) and the identity 

i?(7)^'(7)+i?'(7)^ = A'(7)V' 
we complete the proof of the Lemma. 



□ 



End of the proof of the Theorem 15.31 We are to compute the sum 

m 

J2 euB'{z)B-\z) [T"^-\z) + a,{z)T'^-^-\z) + ■■■ + a^^^{z 



k=l 

m 



= 7^ E + ".(oO*.-'-' + ■ • • + "^-.(7)] +0(1) 



-V'* + C'(i) 



z — 7 ^lj*B'('y)ijj ' ' z — 7 

where the left eigenvector ip* is chosen in the form fl5.29p . The Theorem is proved. 



□ 



5.3 Canonical transformations. 

Let us consider the isomonodromic coordinates (gi, . . . ,qg,pi, . . . ,pg) obtained from 
the scalar reduction w.r.t. the first row of (11.21) . 

Proposition 5.11. For every k = 2, . . . ,n, the following transformation 

q. = Ui + Uk-qi, i = l,...,g, 
Pj = -Pi, i = l,...,g, 
Ui = Ui + Uk-Ui, / = l,...,n, 



Sh. 



Af = A<", 3 = l,...,m, 

Hi = —Hi, I = 1, 



(5.33) 



is a birational canonical transformation of the Schlesinger systems. This transforma- 
tion acts on the monodromy matrices as follows 



Ml = Mf^ . . . M-\MkMk-i ... Ml, 
M,- = M,-, 3^l,k, 

Mk = Mk-i . . . MaMiMa"^ . . . M-\, i = k + l,...,n. 



(5.34) 
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Proof. The transformation (15.33P is obviously birational. To show that (15.33P is a 
canonical transformation of the Schlesinger systems, we just observe that it is obtained 
by the conformal transformation ( = Ui + — z of the scalar reduction (14 .45 1) . In fact 
(14.451) is transformed to 



where di{Q 



-1 



\l—m 



with R{0 = ULiiC-^k),A{0 



' A(c)i?(C)™-' 

nLi(C - and //(C) = (-1)(™-')("-^)+s/z(mi + Uk - Q. To obtain pi we use formula 



Pi 



Res, 



C=9i 



Res, 



^( = g^ 



m-2\ 
dr. 



.2{Ui + Uk - C) j 



-Pi 



To obtain the formulae for the exponents, just observe that the conformal transforma- 
tion C, = Ui + Uk — z permutes Ui with Uk- 

Let us now prove the formula (15.341) . The involution : Ui ^ Uk changes the basis 
in the fundamental group 7ri(C\{Mi, . . . oo}). In fact, as explained in Section 2.2, 
the cuts Til, . . . ,7Tn aloug which we take our basis li, . . . ,lri, are ordered according to 
the order of the poles. Applying the transformation we then arrive at the new basis 
of loops 



I'l — hh ■ ■ ■ h-ih^k-i ■ ■ ■ ^2 ^^1 
-1 

k-l 



from these formulae we immediately obtain (15.341) . 
Proposition 5.12. The following transformation 



□ 



Qi 
Pi 

' ui-ui 
Ul OO, 



i-ui ' 

-Pill 

1 



2m2-l . 



m 



i 



^(oo) 
^(oc) 



Ml, 



^(1) _ ^(oo) _ m-1 
1 1 m. ' 



(1) 



Hi 

Hi 



\ (oo) I 1 



, m. 



(5.35) 



^^i)^ + (m« - ni)(c?[^_i(ni - ni))2- 



-(n,-^i) (-^(-:— ^) <„,(n/-nO, / = 2, . 
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where 



M ( ^ 1 m (m - 1) ^ 1 



Uk- qs I r-1 Uk-ui 

s=l Ijtk 

is a birational canonical transformation of the Schlesinger systems. This transforma- 
tion acts the monodromy matrices Mi, . . . , M„, Moo as follows 

Moo = e-^CiM-^MiMooCfS 

Ml = e^CiM^C{\ (5.36) 
M, = C^'MjCi, jV1,oo, 

where Ci is the connection matrix of Mi . 

Proof. The fact that the above transformation is birational is trivial. To show 
that it is a canonical transformation of the Schlesinger systems, we just observe that 
it is obtained by a conformal transformation ( = and a gauge transformation 

y = 9iC)y^ 9(0 = of the scalar reduction (14.451) . In fact (14.451) is transformed to 
where 

do = {-irc-'"'do{^^+ui), 



I = (-i)-+ic-+/c^-"^ + (-I)'" Ei::' c'+^-'"ci+\t/K^ + 



Ui 



and ci := {—ly ^(j — i)! ^ 2 ) i 1 ^^^^^ the above formula and (14.641) 

it is a straightforward computation to obtain the formulae for gj, pi and Tii in (I5.35p . 
The transformation law of the exponents is obtained in two stages: first the conformal 
transformation C = ^ + maps 

Ai-)-A«, aS~) + 1-A«, ^ = 2,...,m, 
A«^aS~\ Af)^A;°°) + l, z = 2,...,m, 

then the gauge transformation y = g{C)y^ 9iC) = adds to all exponents at 
infinity and subtracts the same quantity to all exponents at 0. To show (I5.36P we 
proceed as in the previous proof: the involution ioo '■ ui ^ oo changes the base point of 
the fundamental group (this is obtained by conjugating all monodromy matrices with 
the connection matrix Ci of Mi), and it changes the basis of loops as in the previous 
proof with k replaced by oo and A; — 1 by n. This implies immediately (15.361) . □ 

Remark 5.13. Obviously we can obtain analogous birational canonical transformations 
acting on the isomonodromic coordinates obtained from the scalar reduction w.r.t. any 
row of U.^) . 
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Remark 5.14. Apart from the above symmetries, there are other birational canonical 
transformations. In fact let us denote by {qi \ ■ ■ ■ , <ig\pi \ ■ ■ ■ ,P^P) the isomonodromic 
coordinates obtained from the scalar reduction w.r.t. the j-th row. The transforma- 
tion that maps {qi \ ■ ■ ■ , q'g\pi \ ■ ■ ■ iP'P) to the isomonodromic coordinates obtained 
from the scalar reduction w.r.t. the i-th row{q[^\ . . . , qg\pi \ ■ ■ ■ ,Pg'^) is by construc- 
tion a birational canonical transformation. These transformations are the analogues of 
Okamoto's for the Painleve sixth equation (see [4^). 
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Appendix: Algebro-geometric Darboux coordinates 

Here we outline the construction of the so-called algebro-geometric Darboux coordi- 
nates. Our presentation follows [13]. However, the idea of constructing canonical 
coordinates for integrable systems by using the projections of the points in the divisor 
of a suitable normalized line-bundle on the spectral curve appeared for the first time in 
a paper by H. Flaschka and D.W. McLaughlin [16j were the special cases of the Toda 
system and KdV equation were dealt with. Later S.P.Novikov and A.P.Veselov [SB] gen- 
eralized the construction to any hyperelliptic spectral curve and introduced a general 
class of finite-and infinite-dimensional Poisson brackets. The Flaschka-McLaughlin 
construction was then generalized to generic rational Lax pairs by M.R. Adams, J. 
Harnad and J. Hurtubise [T]. A quantum version of this method was initiated by 
E.Sklyanin [55] . 

A construction of the polynomial Aq{z) equivalent to ours was given in [531 120] . 
Our Theorem IA.2I that enables to constructing rational Darboux coordinates on the 
reduced symplectic leaves seems to be new (cf. however the recent paper [B] where a 
similar approach to constructing the Darboux coordinates was developed). 

Let us rewrite the characteristic polynomial (15.21) of the matrix 




(A.l) 



A{z) 



(A.2) 



75 



in the form 

'^{z,w), w = wY[{z-Ui). {A.3) 

1=1 J i=\ 

Expanding the determinant one obtains a polynomial 

7^(^,^^)) = ti?" + H \- a^{z) = ^ aijZ^w^ (A.4) 

l)j<m(n— 1) 

where 

(Ai, . . . , . . . (A. 5) 

are some polynomials in the entries of the matrices and in ti;, 

s (n— 1) 

= 1, OL^{z)= ^ ai,m_,2;\ s = 0, l,...,m. 

i=0 

It is well known that, for a Zariski open subset in the projective space p-^-^^ 

M=(n-1)^-^ ^ + m + l (A.6) 

with the homogeneous coordinates 

Ojj, i + (ra — l)j < m(n — 1) 

the affine algebraic curve 

7^(2,w)= ^ aijz*w^' = (A. 7) 

j+(n— l)j <m(ri— 1) 

is smooth. Indeed, it suffices to check smoothness of one of the curves of the above 
family, e.g. of 

yfn. _ ^m(n-l) _ 

Under the smoothness assumption the standard compactification of flA.7l) gives a com- 
pact Riemann surface F of the genus 

g = [n-\)—-^ i-m^\ (A.8) 

(cfr. the formula fl5.10p ). The infinite part of F is a divisor of the degree m. If the 
normal Jordan form of the matrix A^o contains k Jordan blocks of the multiplicities 
mi, . . . , mfc then the divisor has the form 

Doo = miooi H hmyfcOOfc. (A. 9) 
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Here cx)i, . . . , oo^ e T are the points added at infinity. In particular, if tlie spectrum 
of Aoo is simple then the divisor Doo is a sum of m distinct points ooi, . . . , 00^: 

oofc := {z ^ 00, w — > 00, "'^1;°°''}) ^ = 1, . . . , m. (A. 10) 

Here x['^\ . . . , xt^ are the eigenvalues of the matrix Aoo- 

Let us give an intrinsic characterization of algebraic curves of the form flA.7p . 

The coordinate functions z and w have poles at the divisors Doo and (n — l)-Doo re- 
spectively. Conversely, the following simple statement can be proved by using standard 
arguments based on the Riemann - Roch theorem 

Lemma A.l. Let T be a Riemann surface of the genus iA.8\) . Let D^d be a divisor of 
the degree m on T such that 

dimi/°(r,C»(Doo)) = 2, dimH''(T,Oiin-l)Doo)) = n + l. 



Then the Riemann surface can be represented in the form ( A. 7 ). 

Proof. The first of the assumptions implies existence of a non-constant meromorphic 
function z with poles at the points of the divisor D^o- The second one yields existence of 
another function w with poles at {n — l)Doo that cannot be represented as a polynomial 
in z. Let us now consider the space H^{T, O {m{n — l)Doo))- The M monomials 

z'w^, i + {n-l)j <m{n-l) (A. 11) 

belong to this space. Let us prove that these monomials are linearly dependent. To 
this end let us compute the dimension 

dimi7°(r, O {m{n - l)L'oo))- 

First of all, the degree of the divisor T> := m{n — l)-Doo equals 

degV = m'^{n - 1) = 2g - 2 + m{n + 1) > 2g - 2. 

So the Riemann - Roch theorem gives 

dimif°(r, O {m{n - l)Doo)) = degP - ^ + 1 = M - 1. 

This proves linear dependence of M functions of the form flA.lip . The Lemma is 
proved. □ 

Observe that, for n > 1 the eigenvalues A^"""*, A^^'* are determined by the 
Riemann surface uniquely up to permutations and common affine transformations 

^— aA,-°°'' + b, i = 1, . . . ,m. 
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We will say that our Riemann surface F is D^o- generic if the eigenvalues are pairwise 
distinct, 

X (oo) / (oo) ■ / ■ 

K 7^ A} ^ z ^ J. 

Instead of using the coefficients aij as the homogeneous coordinates in the space 
of algebraic curves ( lA.TI) we will construct another system of coordinates on a Zariski 
open subspace in p^^-i. Let us choose n + g pairwise distinct numbers ui, . . . , m„, 
7i, • • • , 7g and also n + 1 m-tuples of pairwise distinct numbers Xi \ . . . , Am for every 
i = 1, . . . ,n, oo 

Al'^7^A«, s^r, ^ = l,2,...,m,oo 
satisfying the constraint 

n m m 
i=l r=l r=l 

Finally, choose arbitrary g numbers /xi, . . . , fig. Denote 

A^*^ := Yliui - Uj)Xi'\ r = 1, . . . , m, i = 1, 



fi-s = n(7s - Ui)fis, s = 1, 



.g- 



1=1 



Theorem A. 2. For generic values of the parameters 

Ai*\...,AW, i = l,...,n, cx), 7i, . . . ,7g, /ii, . . . 



(A.12) 

(A.13) 
(A.14) 

(A.15) 



satisfying the constraint iA.l^) there exists a unique curve 1Z{z, w) = of the form 
{ A. 7^ with aom = 1 passing through the points 



(n„A»), r = l. 



w 



^, w — > oo, 



, m, i = 1, . . . ,n, 



r = l,...,m 



i'js,fis), s = l,...,g. 



(A.16) 

(A.17) 
(A.18) 



Proof. Let us denote 



0" 



(A«,...,A»), fc = l. 



the value of the k-th. elementary symmetric function of Aj^* , . . . , Am , i = 1, 
The equation of the algebraic curve must have the form 



w' 



-R{z)Y.— 



-W 



m— 1 



2; - Ui 



+R{z) J2 



k=2 



n (i) 



i=l 



Z - Ui 



(A.19) 



w™-'^ = 0. 



Here, as above 



R{z) := 



1=1 



the polynomials Pn-z{z)^ P2n-4{z), . . . , Pmn-m-n-i{z) labeled by their degrees are to 
be determined later. Such a curve will pass through the points ( 1A.16p . (]A.17|) . To have 
it passing also through (lA.lSP the following system of equations must be satisfied 



(A.20) 



k=2 



where 



Q{z,w) :-- 



w 



n (i) 



R{z) 



kn-n-k 



W 



i=l 
m—k 



k=2 



^ifyj^lR'^u. 

' ^ z-uC 



ifc-i 



This is a linear system for the g coefficients of the polynomials p„_3(z), P2n-4:{z), . . . , 
Pmn-m-n-i{z)- Let US prove that the determinant of this linear system does not vanish 
identically. Indeed, this determinant is equal to the following polynomial in 71, . . . , 7^, 

/(l, . . . , fig 



Wm,n{ll, . . . ,7g,Al, • • ■ , f^g) 

x1^(7n • • •7i„-3)^(7ii • • •7i2„-4)^(7fci • ■ ■ lks„^sW ilh^ ■ ■ -H 
Here the summation is over the partitions 



\m— 4 



m n — m — n- 



J.(A.21) 



TT : {1,2, ... ,51} = {ii, . . . ,i„_3}U{ji, . . . , j2n-4}U{fcl, . . . , fc3„_5}U- ■ ■□{/!, . . . , Irnn-m-n-l} 

(A.22) 

|7r| stands for the parity of the permutation tt G Sg, 

V{xi, . . . ,Xk) := Y\. 

l<i<j<k 

is the Vandermonde determinant. It is clear that this polynomial is not an identical 
zero. The Theorem is proved. □ 



We want now to show that the same data used in Theorem IA.2I determine the 
matrix valued polynomial A{z) in the determinant representation (1A.3I) . We will now 
prove that any generic curve of the form ( ]A.7I) can be represented in the determinant 
form flA.Sp . Actually, this can be done in many ways; we will describe the parameters 
of all determinant representations of F. 
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Let r be the spectral curve (1A.4I) of a matrix A{z). Assuming smoothness of the 
spectral curve, we will associate with the determinant representation a degree g divisor 
D onT. Let us first consider the eigenvector line bundle £ on F 

A{z)^p = wtlj, (A.23) 

= {ipi, • • • , i'm)'^- Define the divisor 

D := {^1 = 0}. (A.24) 

In other words, D is the divisor of poles of the meromorphic functions V's/'^i) 

. . . , VmM- 

Lemma A. 3. The degree of the divisor D is equal to 

deg D = g + m — 1. 

See [21] for a simple proof. 
Denote 

D = DnT\D^. (A.25) 
Lemma A. 4. The point {zq,Wo) G D only if 

Ao(zo) = 0. 

Here the polynomial Ao{z) was defined in ( 15. 9\) . Conversely, for any root zq of the 
polynomial Aq{z) there exists a point {zq,wo) G D. 

Proof. For the convenience of the reader we will give here the proof. Rewriting the 
equation of the divisor in the form 

< bo,ip >= 

(here < , > stands for the natural pairing between row- and column-vectors, the 
row- vector Bq was defined in (15.71) ) we also derive that, for k = 1, . . . ,m — 1 



< bk{zo),ip >=< bo, A\zo)iIj >= < 60, ^ >= 0, wo 



Rizo) 



The determinant of this linear homogeneous system must be equal to 0. This gives 

M^o) = 0. 

Conversely, let zq be a zero of Aq . Using the identity (15.251) we derive that the 
subspace Keri?(2;o) of the m-dimensional space is invariant w.r.t. the linear operator 
A{zo)- Here the matrix B{z) was defined in the line after the formula (15. 7p . Therefore 
there exists an eigenvector ip G Ker B{zo), 

A{zo)tp = wo^, <bo,^ >= i)i = 0. 
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By definition the point {zo,wo) belongs to the divisor D eT. The Lemma is proved. 
□ 



Let us now compute the degree of the polynomial Ao(-2). Let 
Explicitly, the matrix C = (Cij) reads 



Ui 



i=l 



i=l 



Lemma A. 5. The polynomial Ao(-2) has the form 

2<i<j 

where g is given by the formula /IA.8\) . 
Proof. For the j-th coordinate of the row-vector 

h := boA''\z) 

(cf. (15. 7p one obtains 



(A.26) 



k)j 



where dots stand for the terms of lower order in z. Computing the determinant of this 
matrix we obtain the proof of the needed formula. □ 

Corollary A. 6. // the eigenvalues of the matrix A^o are pairwise distinct and all the 
elements of the first row of the matrix ^A.26\) are not equal to zero then the degree of 
the divisor D is equal to g. The remaining points of the divisor D are at infinity 



D — D = OO2 + OO3 + ■ ■ ■ + OOr, 



The statement of the Corollary is a formalization of the following asymptotic be- 
havior of the eigenvectors = {ipi, ■ ■ ■ , ipmY' of ^^le matrix A{z) at z ^ 00: 

Such normalized eigenvector will have g + m — 1 poles on F \ D^o- Under the above 
assumptions the first component ipi has simple zeroes at the points 002, . . . , oOm- 



81 



Remark A. 7. We observe that, as it was shown in the proof of Lemma 4-30 ' the 
element Cij of the matrix . 26\} is identically equal to zero for an isomonodromic 
deformation A^Ai^lui, . . . , if and only if 

(1 - + V.., = 

that is either 1 — A'"""* + X^°°^ = or Ak^^ = for all k. 

Denote 

7, = 7,(A), /i, = /i,(A), s = l,...,g (A.27) 
the coordinates of the points of the divisor D, 

n 

^ = (7i,Ai) + --- + (75,^9), i^s = fis\\{ns-Ui). (A.28) 

i=l 

We want to show that, given the generic values of the functions 7s(A), //^(A), s = 
1, . . . ,g together with the the numbers Mi, . . . , m„ and the pairwise distinct eigenvalues 
Xi \ . . . , Am , i = 1, . . . ,n,oo satisfying the constraint ( 1A.12I) one can uniquely deter- 
mine the conjugacy class of the n-tuple of matrices A = {Ai, . . . , An) modulo diagonal 
conjugations and permutations. To this end we will prove, essentially using the tech- 
nique of pjj the converse statement that shows that, for a Zariski open subset in the 
space p^-i of algebraic curves of the form (IA.7I) the curve can be represented in the de- 
terminant form. We will also describe parameters of such determinant representations 
of a given curve. 

Let D be a divisor of the degree g on the Riemann surface F. We will say that the 
divisor is D ^-non-special if 

dimi7°(r,C(D + oo, -ooi)) = 1, i = l,...,m. (A.29) 



Theorem A. 8. Any smooth affine curve 7l{z,w) = of the form ( A.l ) can be rep 



resented in the determinant form { A. 4 ) for a matrix A{z) of the form M.^j) . For a 



Doc-generic curve such representations, considered modulo diagonal conjugations 

A{z)^K''A{z)K, K = diag{h,...,km) 
and permutations of coordinates 

A{z)^p-'A{z)P, PeSm^i 

preserving the vector (1,0, . . . , 0) are in one-to-one correspondence with the degree g 
DoD-non- special divisors D onV . 

Proof. Let us order the infinite points of F and choose nonzero sections 

V'fceif°(r,0(L' + oofc-ooi)), fc = 2,...,m. (A.30) 
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They are determined uniquely up to constant factors. Introduce a vector valued mero- 
morphic function on F putting 

Introduce m x m matrix "^{z) = {"^kjiz)) of Laurent series in 1/z expanding the 
functions ipk near the infinite points ooj G T. Let W{z) = dia.g{Wi{z) , . . . , Wm{z)) be 
the diagonal matrix obtained by taking the Laurent series of the function w on F near 
ooi, . . . , oOm- Define a matrix of polynomials 

A{z) := {'${z)W{z)'^-\z))^. (A.31) 

Here ( )+ means the polynomial part in z of the expansion. By construction 

A{z) = -2'"("-i)diag(AS~\ . . . , A(^)) + 0(;2'"("-^)-^). 

Let us prove that the vector function ip onT satisfies 

A{z)iIj = wip. 

This can be done using the standard arguments of the Krichever's scheme [35] . Indeed, 
by the construction all the components of the difference 

wip — A{z)ip 

are analytic at the infinite points ooi, . . . , oOm. Therefore they have poles only at the 
points of the divisor D. Due to nonspeciality of D the difference is equal to zero. 

We have proved that F coincides with the spectral curve of the polynomial matrix 
A{z). By construction the divisor D we started with coincides with the one defined 
above. It remains to observe that, choosing another basic sections 

V5fcGif°(F,0(D + oo,.-ooi)), 

'fpk = Ckipk, k = 2,...,m 
yields the diagonal conjugation of the polynomial matrix A{z), 

A{z)^CA{z)C-\ C = diag(l,C2,...,c^). 

Moreover, changing the order of the infinite points preserving ooi implies a permuta- 
tion. The theorem is proved. □ 

Corollary A. 9. The map 

[A{z)] ^ Spec (A.32) 

is a birational isomorphism of the space of classes of equivalence of rational matrix- 
valued functions of the form 

A- 

Mz) = y2 A^ = -{A^ + --- + A^) 
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with diagonal A^o considered modulo diagonal conjugations and the space of spectral 
data with the coordinates 

{ui, ...,Un, Spec v4i, . . . , Spec A^, Spec A^^, 71, /ii, . . . , 7^, Hg) G Spec. (A. 33) 

In particular, (71, /ii, . . . ,'jg, fig) are coordinates on the reduced symplectic leaves of the 
Poisson bracket 1^3. 

We will now prove that 7^ = 7i(A), fii = /Xj(A), i = 1, . . . ,g are canonical coordi- 
nates on the reduced symplectic leaves of the Poisson bracket. It will be convenient to 
represent the Poisson bracket fl3.2p in the following wellknown r-matrix form (see [T5] 
regarding the definitions and notations). 

Lemma A. 10. The Poisson bracket ^3. 2\} can be represented in the form 

A{zi) (g) A{z2) \ = [A{zi) ® 1 + 1 (g) A{z2), r{zi - Z2)] , (A.34) 



where r{z) is a classical r-matrix, i.e. a solution of the linearized Yang - Baxter 
equation, given by 



Equivalently, l[A.34\} reads 



{A){z,),A',{z2)] = ^— [SI (4(^i) - A^{Z2)) - {A]{z^) - A]{Z2)) S^] . (A.35) 

Zl — Z2 



Proof. By the definition 

A{zi)®A{z2)\ -.^2 



So 



ik A _ A is.k 

jl p {Zl - Up){z2 - Up) 



E = E ( ] (Ap'Si - ApiS^ 



[Zi - Up){z2 - Up) {Z2 - Zl) ^ \Zi - Up Z2-Up 

^ {A',{zi)6i - A]{z,)6^ + A]{z2)6^ - A^{z2)6l) 



[Z2 - Zl, 

Ilk 



= [A{zi) ®t + t® A{z2),r{zi - Z2)]Yi . 
This concludes the proof. □ 
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(k) (k) / 

Theorem A. 11. The functions = X] (A), i = 1, . . . ,m, k = 1, . . . ,n, oo, 7i = 

7j(A), /ij = fii{A), g = 1, . . . ,g on the space of m x m matrices {Ai, . . . , An) =: A 
have the following canonical Poisson brackets w.r.t. the structure M . 35\) 

all other Poisson brackets vanish. 

Proof. We already know that the eigenvalues A^-*''' of the matrices Ak are Casimirs of 
the Poisson bracket. It remains to compute the Poisson brackets of the functions /ij(A) 
and 7j(A). 

Let us introduce the following notations. Let z be not a ramification point for the 
Riemann surface P. Let us fix some ordering of the sheets of the Riemann surface. 
Denote 

\a >, a = 1, . . . ,m 
the basis of eigenvectors of the matrix A = A{z), 

A\a >= Wa\a > (A. 36) 

normalized by the condition 

<6o|a>=l, 6o = (1,0,...,0). (A.37) 

Here 

Wa = Wa{z), a = l,...,m 

are the roots of the characteristic equation det(u' — A{z)) = 0. Denote < a\ the dual 
basis of row- vectors 

< a\b >= 5ab. (A.38) 

Due to (1A.37P one has 

m 

bo = ^<a\. (A.39) 

a=l 

Lemma A. 12. The following formulae for the Poisson brackets hold true 

{logAo(z),logAo(z')} = (A.40) 
{waiz),w,iz')} = 0. (A.41) 
{\ogAo{z),Wc{z')} = < a\c' >< c'\b > (A.42) 

^ ' a^b 

In this formulae the primes mean that the corresponding function is computed at 
the point z', i.e. 

A{z')\c' >= w'^\c' > where w'^ = Wc{z'). 
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Proof. The following wellknown variational formulae will be useful in the computations 
of the Poisson brackets 

5wa =< a\SA\a > (A.43) 
< b\6a >= ^ ^ , b^a (AAA) 

Wa - Wb 

< b\SA\a > /A .rN 

< a\6a >= > ^ ^ . (A.45) 

j-f Wb-Wa 
b=f:a 

Here |5a > is the variation of the eigenvector \a >. In the derivation of the last formula 
we have used the normalization flA.371) . 

Denote "^{z) the matrix with the columns |1 >,..., |m >. The rows of the inverse 
matrix coincide with the bra- vectors < 1|, . . . , < m|. From (1A.39P it easily follows 
that the matrix B{z) is equal to the product of the Vandermonde matrix of the pairwise 
distinct numbers Wi, . . . , Wm by "^'^{z). So 



det B{z) = Yliwi - Wj)det~^<iJ{z). 



i<j 

Using the Liouville formula 



(51og(det^') = tr^ ^(5^ = X] ^ "l*^*^ ^ 



a=l 



yields 

^ 1 sr^ < a\5A\a > - < b\6A\b > - < a\5A\b > 
51ogAo z = - V ^ ^ ^ . A.46 

2 ^ Wa-Wb 

It is understood that the values of the variables Ui are fixed during the variation. From 
the above formulae for 5Aq{z), 6wc{z') we derive, by a straightforward calculation, the 
brackets (1A.40I) - IA.42I) . The Lemma is proved. □ 



Proof of the Theorem. From (IA.40I) and from the representation 

6 

(51og Ao(z) = — 7 — h regular terms 

it easily follows that 

= 0. 

The commutation rule 

= 

follows from flA.4ip . Let us compute the brackets {'-fi,fij}. Due to Theorem I A. 8 1 we 



may assume that the projections z = 7^ of the points of the divisor D onto the z-plane 
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are all pairwise distinct, they are distinct from Uj and from the ramification points of 
the Riemann surface (cf. Assumption 2 above). Consider first the case j 7^ i. Assume 
that the numeration of the sheets of the Riemann surface at the neighborhoods of the 
points 2; = 7i and z' = 7^- is done in such a way that the pole of the eigenvector ip of 
the matrix A{z) belongs to the sheet labeled by c. That means that the ket- vector |c > 
has a simple pole at 2; — > 7^, 

|c>=i^ + 0(l), z^'ji. (A.47) 
z-'ji 

All other ket- and bra-vectors are analytic in z near this point and the corresponding 
bra- vector < c | has a simple zero 

< c I = - 7i) < c| + O ((z - 7.)') . (A.48) 



From the already proven commutation rule of the coordinates 7^ it follows that 

{7i,/ij} = -lim^^^Aim^>_^^{z - 'ji){\ogAo{z),Wc{z')} = 

= -2ti^) lim2-7, lim.'^7.(^ " 7i) Ea^b < >< C\b > . 

Due to flA.47p . flA.48p the r.h.s. is analytic at the point z = 7^. The singularity at 
z = 'ji can come only from the terms with b = c. So, the singular part in the sum 
equals 

< a\c' >< c'\b >= < a\c' >< c'\c > +regular. 

a^b a^c 

Using the z-independent normalization flA.37p we rewrite the singular term in the form 

< a\c' >< c\c >= — < c\c >< c\c > . 

Using again flA.47p . flA.48P we establish analyticity of the last expression also at z = ■ji. 
Therefore {•ji, fij} = for i j . 

To compute {'~fi, f^i} we will first calculate the limit 

lim{log Ao{z),Wc{z')}. 

z'—*z 

Observe that, for z' = z the numerator of the formula (IA.42P vanish: 

< a\c' >< c'\b > 1 < a\c>< c\b >= ^ SaJct = 0. 

So the needed limit is equal to the derivative 

lim{logAo(2;),Wc(2;')} = " f 7-7 XI < ^1^' c'|6 > ) 

V^^ a^b J 
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Let us denote 



dz' 



We obtain, using again the 2;'-independent normalization (]A.37p 

^ I ^ < a\c >< c'\b>\ = ^ < a|c > + ^ < c|6 >= - < c|c > + ^ < c|6 > . 

Xa^^b / a^c b^c bj^c 



ly^b 

Therefore 



- < c\c > + y^^ < c\b > 

bj^c 

The last term in the brackets is analytic at the point z = 'ji. For the first one we 
obtain, using ([QT!) . ([QHl) 



< c c >= 



< c c > 



2 - 7i 

The last step is to use the normalization 

< c|c >= 1 

to derive that 



+ regular terms. 



Hence 

The Theorem is proved. 



< c|c >= 1. 
{7i,/ii} = 1. 



□ 
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